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ABSTRACT 
The mixing of two miscible f l u i d s  i n  motion i n  a saturated iso-  
t rop ic  porous medium and the s t a b i l i t y  of t he  density interface between 
them has been studied. The density interface was formed by a l i n e  
source introducing a denser f l u i d  i n t o  a uniform confined horizontal  
flow. It was shown t h a t  the  half-body thus formed may be approximated 
t o  within the  density difference by the  shape when the densi t ies  are  
equal. The mixing of the  two f lu ids  by l a t e r a l  dispersion along such 
an in te r face  was investigated experimentally and it was found t h a t  up 
t o  density differences of a t  l e a s t  1 per cent there  was no observable 
e f f ec t  on the  l a t e r a l  dispersion coeff ic ient .  
A t heo re t i ca l  investigation has been made of t he  s t a b i l i t y  of 
t he  uniform two-dimensional horizontal  motion of two miscible f l u ids  of 
d i f fe ren t  density i n  a saturated, isotropic ,  homogeneous porous medium. 
The f l u i d  of higher density overlay the  lower density f l u i d  and both 
were moving with the  same seepage veloci ty  i n  the  same direct ion.  The 
ana ly t ica l  solut ion fo r  the  s t a b i l i t y  was obtained from the  continuity 
equation, Darcyqs law and the  dispersion equation by investigating the 
s t a b i l i t y  of a rb i t r a ry  sinusoidal perturbations t o  the  veloci ty  vector 
and the densi ty  p ro f i l e  prescribed by the l a t e r a l  dispersion of one 
f l u i d  i n t o  t h e  other .  A s t a b i l i t y  equation similar t o  the  O r r -  
Scmnerfeld equation was obtained and a neutral  s t a b i l i t y  curve i n  a 
wave number - Rayleigh number plane was found by two approximate 
methods. The growth r a t e s  of i n s t a b i l i t i e s  were investigated fo r  a 
l i nea r  density p ro f i l e  and it has been found t h a t  although the  flow was 
always unstable the  growth r a t e s  of unstable waves could be so low as  
t o  form a quasi-stable flow; examples of such flows have been demon- 
s t r a t ed  experimentally. 
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CHAPTER ONE 
INTRODUCTION 
1 .0  Introductory Note 
It has long been recognized t h a t  water reservoirs  such as  lakes 
and oceans have natural  density s t r a t i f i c a t i o n s  a r i s ing  from d i f f e r -  
ences i n  temperature o r  i n  dissolved or  suspended material .  The same 
phenomenon a l so  occurs i n  porous media containing water o r  other f l u i d  
as  f o r  example occurs i n  o i l  f i e ld s ,  i n  the  Ghyben-Herzberg lens  below 
some oceanic is lands (~en twor th  ( l ) ,  Carr ier  ( 2 ) ,  Wooding (3 ) )  and i n  
geothermal f i e l d s  (wooding (4)  ) . 
However, it i s  only r e l a t i ve ly  recent ly  t h a t  men have begun t o  
exploi t  t h i s  density s t r a t i f i c a t i o n  and even more recently t o  study the  
consequencies of perturbing a natural  s t r a t i f i c a t i o n .  The petroleum 
industry i s  again one obvious example of the  exploi ta t ion of t h i s  phe- 
nomenon. Another, somewhat l e s s  welcome, example i s  the  intrusion of 
sea water i n t o  coas ta l  ground water aquifers when the natural  ground 
water outflow i s  intercepted by wells o r  catchments, (~ar leman and 
Rumer (5 )  ; Bear and Dagan (6) ) . 
Similar density s t r a t i f i c a t i o n s  can occur when hot water o r  
water containing dissolved s a l t s  i s  a r t i f i c i a l l y  injected by recharge 
wells o r  i n f i l t r a t i o n  ponds. Often when a f l u i d  of density d i f fe ren t  
t o  the  ambient f l u i d  i s  introduced in to  a porous medium knowledge i s  
required of t he  process by which mixing of the  a l i e n  and ambient f l u ids  
occurs. I n  pa r t i cu l a r  such information should include the ro l e  of t he  
densi ty  dif ference i n  the  mixing process. An application of t h i s  
knowledge i s  i n  
r e l a t i ve ly  high 
b le  water supplies 
1.1 Previous Work 
the  mixing of high s a l i n i t y  reclaimed waste water with 
qusllity, low s d i n i t y  ground water i n  order t h a t  avai la-  
-- 
The mixing 
may be extended, 
of two o r  more f lu ids  i n  motion i n  a porous medium 
involves a microscale molecular dif fusion process within the i n t e r s t i c e s  
o r  pores and a macroscale convective mixing from the  a rb i t r a ry  flow-di- 
viding by the  porous medium. The process can be thought of as analogous 
t o  turbulent mixing i n  f l u i d  flow. Since the  process involves more than 
I 
jus t  molecular dif fusion and depends on the  flow charac te r i s t ics  it i s  
more generally ca l led  hydrodynamic dispersion o r  simply dispersion.  
Dispersion i s  characterized by being a much "faster"  process 
than molecular diffusion,  and so regardless of t he  f a c t  t h a t  it i s  
carr ied on only on t h e  scale  of several  pore s izes  the  cumulative e f f e c t  
can be seen on a r e l a t i v e l y  la rge  scale  i n  a similar way t o  pure molecu- 
lar  diffusion.  Research has therefore been directed a t  f inding a d i s -  
persion equation as  well as  t ry ing  t o  understand the basic  mechanism. 
Theoretical research has centered about finding a mathematical 
model which w i l l  characterize the  phenomenon and i t s  behavior and numer- 
ous models have been proposed. A random walk theory was presented by 
Scheidegger (7); and Safflnan (8) assumed t h a t  a porous medium was analo- 
gous t o  a network of cap i l l a r i e s  i n  order t o  apply Taylor 's  ( 9 )  theory 
of dif fusion i n  laminar flow i n  tubes. For an appraisal  of most of t h e  
models t h a t  have been proposed the  reader i s  re fe r red  t o  a r t i c l e s  by 
H. 0. Pfamkuch (10) and 
Scheidegger (13) 
Bischoff and Levenspiel (11~12). 
and de Josse l in  de Jong (14) give the  equation 
t o  describe t h e  dispersion of a t r a c e r  i n  steady, saturated flow i n  a 
homogeneous i so t rop ic  porous medium, where Dik are  the  components of 
t he  fac tor  of dispersion and D i s  a symmetric second-order tensor, ui 
a re  the  components of the  seepage veloci ty  (defined l a t e r )  and C i s  
t he  r e l a t i v e  concentration of the  t r a c e r  ( 0  < C < 1 )  . Bear (15) con- 
cludes from experiments 
product of two tensors:  
t h e  porous medium which 
C 
t h a t  the  fac tor  of dispersion i s  an inner 
a geometrical d i spers iv i ty  tensor, aiUm , of 
measures the  tendency of the  porous medium t o  
disperse the  t racer ,  and t h e  tensor uAum/l ul which expresses the  
influence of t he  veloci ty  on the  dispersion. 
When t h e  d i rec t ion  of one axis  coincides with a uniform flow 
then Dik may be wr i t ten  
where aIu= DL i s  t h e  so-called longi tudinal  dispersion coeff ic ient  
and a u = I1 DT t he  l a t e r a l  dispersion coeff ic ient .  
This r e s u l t  i s  apparently reasonable, Pf annkuch (10)) Harleman 
and Rumer (16), f o r  some ranges of t he  p a r t i c l e  Reynolds number 
(R = ud/v) where d  i s  t he  average p a r t i c l e  s i ze ;  it i s  obviously 
untrue when the veloci ty  i s  very s m a l l  o r  zero as t h i s  r e su l t  could 
give dispersion fac tors  smaller than the molecular dif fusion ra tes .  
F'urthermore, it assumes outr ight  t ha t  the  molecular dif fusion plays no 
par t  i n  the  dispersion phenomenon a t  all, a point s t i l l  i n  dispute. It 
seems more plausible t h a t  Dik/Dm = f (R, S, geometry) where Dm i s  the  
molecular d i f fus iv i ty ,  S the  Schmidt number and R t h e  p a r t i c l e  
Reynolds number. 
There has been l i t t l e  study of density induced flows i n  satu- 
ra ted  porous media and most i s  t h e  work of one man. 
Wooding (17,3) has studied the mixing zone a t  the  boundary of a  
buoyant plume i n  a saturated porous medium and under t he  j u s t i f i ab l e  
assumption t h a t  the  l a t e r a l  dispersion coeff ic ient  i s  constant has found 
these flows are governed by equations similar t o  those of laminar incom- 
press ible  flow f o r  such cases as the  Gortler ha l f  j e t  and the Schlichtitg 
solutions f o r  a momentum j e t  from a s l i t  or  point source. Mixing along 
the  f resh  water sea water in te r face  of t he  Ghyben-Herzberg lens  . is  a l so  
considered by Wooding (3). 
The s t a b i l i t y  of a v e r t i c a l l y  moving in te r face  between immisci- 
b l e  f l u ids  i n  a  porous medium was studied by Saffman and Taylor (18) and 
the work has been extended by Wooding (19) t o  include t h e  influence of 
t he  longitudinal dispersion across t he  in te r face  of two miscible f lu ids .  
I n  addit ion Wooding (20,21,22) has investigated the gravi ta t iona l  i n s t a -  
b i l i t y  of a viscous f l u i d  i n  a  v e r t i c a l  tube containing a porous materi- 
al, and a l so  t h e  s t a b i l i t y  of a l i q u i d  of var iable  densi ty  i n  a  v e r t i c a l  
Hele-Shaw c e l l  . 
The motion and mixing of two f lu ids  of d i f fe r ing  density and i n  
horiz0nta.l motion one above the other  has not been studied previously. 
It w i l l  be the  object  of t h i s  d i s se r t a t i on  t o  invest igate  the  s t a b i l i t y  
and mixing of such a flow, when the  heavier f l u i d  i s  above the  l i gh t e r .  
1.2 The Problem 
A flow such as  above could be generated i n  the  following way. 
Consider a l i n e  source of strength 2Q2 per un i t  length discharging ha l f  
of i t s  t o t a l  flow of density p2 i n to  a homogeneous isotropic  porous 
medium of i n t r i n s i c  permeability k and confined between two horizontal  
p a r a l l e l  planes d i s t an t  a apart .  The porous medium also has a uniform 
flow of ve loc i ty  U and density pl and moving from l e f t  t o  r igh t ,  
Figure 1.1. The two f lu ids  are  miscible and have kinematic v i scos i t i e s  
v2 , vl respectively.  The problem i s  t o  study the  mixing of the  two 
f lu ids  by dispersion across the  interface,  and t o  study the flow s ta -  
b i l i t y .  
1 .3  The Equations of Motion 
I n  flow i n  porous media two ve loc i t i e s  a re  generally spoken of .  
+ 
The supe r f i c i a l  veloci ty  vector v i s  taken t o  be the  flow r a t e  dQ 
through an area dS i n  a d i rec t ion  normal t o  t he  flow, i . e .  the  flow 
i n  t he  d i rec t ion  normal t o  dS i s  given by 
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where n i s  the normal t o  dS and where dS i s  assumed t o  be la rge  
compared t o  t h e  pore s i ze  but small compared t o  t he  overal l  flow curva- 
ture. 
-D 
The seepage veloci ty  vector q i s  taken t o  be the flow r a t e  
through a pore area  dSo , t h a t  i s  
where again dSo i s  l a rge  compared t o  t h e  individual pore sizes,  small 
compared t o  t h e  flow curvature. The super f ic ia l  porosity i s  defined t o  
and i s  e s sen t i a l l y  t h e  same as  the  volumetric porosity e (see 
Polubarinova-Kochina (23)). Thus from (1.1)) (1.2) and (1.3) it i s  seen 
The equations of motion f o r  steady flow i n  a porous medium a re  known as  
Darcy's l a w  and have been shown t o  be, Reference (23)) i n  Cartesian 
coordinates', 
where p i s  the  pressure, p the  f l u i d  density, v the  f l u i d  kine- 
matic Viscosity, k the  i n t r i n s i c  permeability, g the  grav i ta t iona l  
-D 
constant, k a un i t  vector i n  the  upward v e r t i c a l  di rect ion.  
Surprisingly, equation (1.4) i s  even va l id  fo r  unsteady flow, 
see Reference (23), provided t h a t  the changes i n  vp with time are  
bounded. It i s  shown t h a t  fo r  times T > k/v then the term a;/at 
-6 2 
may be neglected. So, i f  fo r  example k -0 (10  ) cm , 
2 
v -. 0(1oo2) cm /sec then &/at may be ignored f o r  T > 0(10g4) 
seconds. 
1 .4  Equation of Continuity and Dispersion 
The equation of continuity i s  
when there  i s  no diffusion o r  dispersion of dissolved material  i n  the  
f lu id .  However, when there  i s  a dissolved substance present it becomes 
necessary t o  add an additional mass t ransfer  term t o  account f o r  the 
dispersion. 
The net e f f lux  of mass from a closed surface S due t o  d i s -  
persion i s  
where D i s  ' the dispersion tensor as  defined i n  section 1.1, C i s  
t he  concentration of t r ace r  per un i t  volume. This implies a dispersion 
term must be added t o  equation (1.5) 
+ 
And writing = eq 
where D i s  defined such tha t  it reduces t o  t he  molecular d i f fu s iv i ty  
+ 
i n  a porous medium when q becomes zero. The conservation equation f o r  
t h e  t r ace r  ( the  dispersion equation) i s  (see sect ion 1.1) 
Now f o r  small differences i n  density and concentration the density and 
concentration per un i t  volume are  connected by an equation of s t a t e  
where pl and C a re  f r ee  stream reference quant i t ies .  3, 
Equations (1.6) and (1.7) can be rewri t ten as  
where 
Subtracting (1.10) from (1.9) gives 
~ u t  from (1.8) 
so t h a t  i f  a  charac te r i s t ic  veloci ty  U and a  charac te r i s t ic  length 0 
a are chosen so t h a t  a  charac te r i s t ic  time is  a/u0 then 
Thus f o r  hp << p 
4 
0 . q  = 0 (1011) 
Furthermore, using (1.11) and (1.8) equation (1.7) can be rewri t ten 
To summarize, the equations of motion fo r  a density s t r a t i f i e d  flow i n  a  
saturated homogeneous porous medium can then be wri t ten 
Now t h a t  t he  equations of motion have been deduced a study may be made 
of the mixing process, and t he  flow s t a b i l i t y ,  f o r  t he  problem specif ied 
i n  sect ion 1.2, 
I n  the  following chapter a  solut ion i s  developed f o r  t he  mixing 
across the  interface shown i n  Figure 1.1, and i n  Chapter 3 the s t a b i l i t y  
of tke flow i s  investigated.  Two methods are  used t o  find a neutral  
s t a b i l i t y  curve i n  a Rayleigh-number wave-number plane, and t h e  growth 
r a t e s  of unstable waves are  investigated also.  
Chapter 4 outl ines  the experimental apparatus and procedure used 
t o  confirm the  theore t ica l  r e su l t s  developed i n  Chapter 2,and Chapter 5 
d e t a i l s  t he  experimental r e su l t s  from the  experimental investigation of 
the  mixing. The r e su l t s  obtained from the  s t a b i l i t y  study and the study 
of t h e  mixing are  discussed i n  Chapter 6; conclusions are  drawn and 
suggestions fo r  fur ther  investigations are  made. 
CHAPTER TWO 
-
THE MIXING LAYER 
- -
2.0 Introduction 
There are  two major problems associated 
flow system depicted i n  Figure 1.1. The f i r s t  
with t h e  two-dimensional 
i s  t o  determine how the  
two f lu ids  intermix. The approach t o  solving t h i s  problem i s  t o  f irst  
assume the two f lu ids  are  immiscible and compute the  shape of the  
interface between them. A solution of the  dispersion equation i s  then 
sought i n  the system of coordinates formed by the  streamlines and t h e i r  
orthogonal t r a j ec to r i e s .  
The second problem i s  the  question of overa l l  s t a b i l i t y  of one 
f lu id  flowing over another of d i f fe ren t  density i n  a porous medium. 
Since the  s t a b i l i t y  behavior w i l l  be intimately connected w i t h  t h e  
mixing charac te r i s t ics  the  mixing problem w i l l  be s$udied f i r s t  and t h e  
s t a b i l i t y  i n  t he  next chapter. 
2.1 Shape of the  I m i s c i b l e  Interface 
The shape of the  in te r face  between two immiscible f l u ids  of 
differen% density i n  motion i n  a homogeneous i so t rop ic  porous medium 
w i l l  not depend on t h e  dispersion equation; consequently t h e  equations 
of motion f o r  each f l u i d  w i l l  be j u s t  the  continuity equation (1.10) 
and Darcy' s Law, equation (1.11) 
where 
a r e  t he  supe r f i c i a l  veloci ty  vectors and vl,v2 and pl,p2 a re  the  
constant kinematic v i scos i t i e s  and constant dens i t i es  of the  two f luids ,  
and where left-handed Cartesian coordinate axes have been chosen with 
t h e  source point as  or ig in  and the  y-axis pointing v e r t i c a l l y  down. 
Now from equations (2.2) and (2.4) it i s  possible t o  define 
ve loc i ty  po ten t ia l s  cpl and cp2 such tha t  
where 
14 
It w i l l  become evident l a t e r  t h a t  i f  the  po ten t ia l s  a r e  defined 
i n  t h i s  w a y  then one solut ion can be wri t ten down f o r  t h e  e n t i r e  flow 
f i e l d  when the densi t ies ,  but not the  v i scos i t i es ,  are  equal. 
Since the flow i s  two-dimensional equations (2.1) and (2.3) i m -  
ply t h a t  there  e x i s t  stream functions tl and t2 such t h a t  
where ui and vi (i = 1,2)  are  the  horizontal  and v e r t i c a l  components 
-@ 
of the super f ic ia l  veloci ty  vector 
vi . 
Suppose t h a t  t he  in te r face  can be represented by the  equation 
Then the  two boundary conditions on the  in te r face  are  
( 0  That there  i s  no flow across the  interface;  t h i s  can be 
wri t ten i n  terms of the  po ten t ia l s  defined above as  
where the prime denates d i f fe ren t ia t ion  with respect t o  x . 
( i i )  That t he  pressures on each s ide of the  in te r face  a re  equal. 
From the  def ini t ion,  equation (2.6), of t he  po ten t ia l s  t h i s  can 
be written as 
The equations of motion and the boundary conditions may all be 
suitably non-dimensionalized by choosing appropriate characteristic 
values of length, a , the depth of the porous bed, and Uo a velocity, 
defined below. 
Then let 
Vi = cpi* gka 
where the non-dimensional values are denoted by an asterisk which is 
subsequently dropped. The equations of motion then become 
The boundary conditions become, 
and 
and 
The boundary condition upstream is obviousPy 
since there is a uniform flow. The boundary condition at downstream 
infinity can be investigated in the following way. From equation (2.12) 
we can write 
where s is the distance along y = ~ ( x )  from the stagnation point. 
Now, suppose' the interface has a horizontal tangent at infinity, which 
indeed it must if continuity is to be preserved, then ay/as = 0 which 
implies 
The veloci ty  d is t r ibu t ion  w i l l  be uniform i n  each layer  a t  i n f i n i t y  so 
t h a t  it i s  possible t o  write 
where 
d = 6(m) . 
These equations imply t h a t  
I n  summary, finding the  interface reduces t o  the  following problem i n  
two-dimensional po ten t ia l  theory, 
2 v %(x,y) = 0 i n  Region I 
2 17 $x,y) = 0 i n  Region I1 
with the  following boundary conditions on the  interface y = ~ ( x )  
and 
and with 
This i s  an exceedingly d i f f i c u l t  problem t o  solve since not 
only i s  the  in te r face  y = ~(x) unknown and t o  be found as  pa r t  of the  
solut ion but t he  boundary condition the in te r face  prescribes 
i n  the  veloci ty  po ten t ia l s  a t  the  interface.  The problem i s  therefore  
the  simultaneous solut ion of two coupled f r ee  stwface boundary value 
problems and since f r ee  surface boundary value problems a re  notoriously 
d i f f i c u l t  t o  solve t h e  simultaneous solut ion of two coupled systems 
would seem t o  be nearly impossible unless done numerically. However, 
it may be possible t o  develop an approximate solut ion which contains 
all. t h e  e s sen t i a l  cha rac t e r i s t i c s  of t h e  exact solution.  
I n  the  following sect ion (2.2) it i s  shown t h a t  an approximate 
solut ion can be obtained by developing regular perturbation se r i e s  
about the  solut ion when the dens i t ies  are  equal but the  v iscos i t ies  un- 
equal. I n  t h i s  way the  behavior of the exact solution can be approxi- 
mated t o  within the order of the  density difference by taking only the  
f i r s t  t e rns  o f t h e  perturbation ser ies .  I n  section 2.3 the  solution 
when the  dens i t ies  a re  equal i s  investigated and the shape of the  in t e r -  
face found; and i n  section 2.4 the  mixing along the  interface i s  
studied. 
2.2 A Perturbation Solution 
I n  view of the  f a c t  t h a t  the  density difference i s  small it 
would seem t h a t  a regular perturbation about the solution when the  
dens i t ies  are  equal would of fe r  some simplification. Furthermore, since 
6 i s  small 6 should make an idea l  parameter fo r  expansion. Thus ex- 
pansions of t he  following form are  sought fo r  the  interface shape and 
veloci ty  poten t ia l s  
where y = cO(x) i s  the  solut ion fo r  the  shape of the interface when 
the  dens i t ies  a re  equal; vlO(x, y), %*(x, y)  are  the  corresponding 
ve loc i ty  potent ia ls .  
These expansions a re  f i r s t  subst i tuted i n t o  the  dynamic boundary 
condition equation (2.12) and t h e  cp (x,y) expanded i n  Taylor s e r i e s  i 3  
about y = co(x) . Collecting terms of equal order i n  6 
And from the kinematic boundary condition (2.8) 
e t c .  
and 
e tc .  
Now a. and bo are chosen i n  such a way t h a t  cp (x,y) and rp ( x , ~ )  10 20 
are  the  analyt ic  continuations of each other i n  Regions I and I1 
Using these two conditions we can eliminate G1(x) from equations 1 
(2.22b), (2.23b) and obtain a condition re la t ing  the f i r s t  derivatives 
of 0,y (P,, across y = cO(x) , 
The boundary conditions a t  i n f i n i t y  on the  f i r s t  order pertur- 
bations a re  now required. . These are  obtained by expanding equations 
(2.18) and (2.19) i n  powers of 6 = p,/p, - 1 , and give 
and s imilar ly  
This completes the  formulation of the  problem f o r  calculat ing t h e  first 
order perturbations,and summarizing the  f i r s t  ~ r d e r  quant i t i es  
i n  Region I 
i n  Region I1 
Since cO(x) i s  given by the solut ion of t he  zeroth order 
problem when the  dens i t ies  a r e  equal the  f i r s t  order po ten t ia l  perkur- 
bations can then be calculated t o  within a constant since Newam 
boundary conditions a re  given. This a rb i t ra r iness  can be resolved by 
placing cpll(-h,0) = cp2&-h,0) = 0 .  o or def in i t ion  of h see Fig. 2.1. ) 
Once y l ( x , y )  and rp21(x,y) a re  known it then becomes possi- 
b l e  t o  compute t he  f i r s t  order perturbation t o  the  interface shape, f o r  
from equation (2.22b) 
and thus ~ i ( x )  can be calculated.  It should be noted t h a t  a t  x = -h 
thus it would appear t h a t  bi(-h) = m also.  Hence t o  f i r s t  order the  
in te r face  has a v e r t i c a l  tangent a t  x = -h . 
~ i o m  equation (2.17 ) 
and t h i s  may be expanded i n  powers of 6 as follows 
where 
i s  the half  body width when the dens i t ies  a re  equal. Hence it i s  seen 
t h a t  
61(m) = ( 1  - do) do 
and t h a t  the correction t o  the interface from the f irst  order term w i l l  
be of ~ ( 6 )  . 
It appears therefore t h a t  the  zeroth order solution i s  a t  l e a s t  
correct t o  within Q(6) and fo r  a l l  practical. purposes there  may be no 
need t o  compute the perturbations, especially a s  even the  problem of 
computing the perturbations i s  not an easy one. 
The strategy w i l l  be t o  .compute the  zeroth order solut ion and 
then compute the  dispersion as  i f  the  zeroth order solut ion were the 
exact solution and check with experimental r e su l t s ;  i f  good agreement 
i s  reached then it w i l l  not be necessary t o  compute the  terms of Q(6) . 
2.3 The Zeroth Order Solution 
It has been shown t h a t  a perturbation solut ion can be found t o  
the  problem when the  dens i t ies  are  d i f fe ren t  provided t h a t  a solut ion 
flow 
Figure  2. 1 Boundary conditions for the zeroth o rde r  problem. 
i s  known f o r  equal densi t ies .  This zeroth order solution can be found 
i n  a straightforward manner (using image methods o r  conformal mapping) 
provided that non-dimensional veloci ty  potent ials  and stream functions 
are defined as below 
The problem i s  tha t  defined i n  Figure 2.1. 
The line sowce i s  represented by a logarithmicsingularity of 
strength 2v2~2/vl . 
the  complex velocity 
where the point z = 
The solution f o r  both cp,O and cp i s  given by 20 
potent ia l  
-h has been a r b i t r a r i l y  chosen t o  have 
The shape of the  interface i s  then given by J# $20= Im w(z) = 0 
which gives 
which can be rewritten as 
where 
as determined by placing 
The blope of the free surface can easily be determined and is given by 
3lh 
- 
cos(ny) - cos(ny coth ?) 
nh zh 
sin(ny) coth($ - sin(ny coth ?) 
A velocity discontinuity exists across the interface for since 
there is a common pressure gradient on the dividing streamline it is 
obvious that 
where v and v a re  t he  respective ve loc i t i e s  along the  stream- 1 s  2s 
l i ne .  It can eas i ly  be shown t h a t  
- v 
v2Q2 ( rs in(ny)  coth - - s i n  ny coth 1s 2v s i n  ny 1 2 " ( 
+ rcos(ny) L - coslny ~ 0 t h  +$) 
These r e s u l t s  are  now used t o  invest igate  t h e  mixing along the  
interface.  
2.4 Solution of the  Dispersion Equation 
As a r e su l t  of being concerned only with steady flow the d i s -  
persion equation (1.13) can be wr i t ten  
4 
q vc = v . (Doc) (2.34) 
Now f o r  two dimensional flow with streamline coordinates 
equation (2.34) can be wri t ten 
provided t h a t  the  radius of curvature 
Wooding (3), Li (24). 
DL and DT, the  longi tudinal  
persion respectively,are functions of 
of t h e  streamlines i s  large,  
and l a t e r a l  coef f ic ien ts  of d i s -  
the  seepage veloci ty  q provided 
I* 
t h a t  the  p a r t i c l e  Reynolds number qd/v i s  la rge  enough ( > lo-' , 
Pfannkuch (10)) where d i s  the  mean p a r t i c l e  s ize .  DL and DT a re  
constant a t  the  moleculaz diffusion r a t e  i n  a porous medium fo r  very low 
Reynolds numbers. 
Near t h e  stagnation point the  veloci ty  i s  small, f o r  it may be 
shown from equation (2.33) t h a t  q - O( s )  near t h i s  point; consequently 
DL i s  almost constant and aDL/as i s  approximately zero. Furthermore, 
a2c/as2 w i l l  be s m e l l  compared t o  a2c/an2 since the diffusion zone 
w i l l  be very t h i n  across the  interface.  The term 
i s  therefore ignored 
Downstream, 
near the stagnation point. 
q (s )  becomes almost constant since the flow be- 
A A 
comes uniform, so again DL i s  constant and 8 D  /as i s  zero a'c/asZ L 
i s  again s m a l l  f o r  t he  same reason above. 
Hence i n  a f i r s t  approximation the  longitudinal dispersion term 
i s  ignored compared t o  the  l a t e r a l  dispersion term 
Since the  transverse dispersion coeff ic ient  DT depends on q 
and t o  a f i r s t  approximation q i s  constant within the  band of d i s -  
persion (i.e. independent of the coordinate n ), it i s  possible t o  
write 
d s )  
The boundary conditions a re  t h a t  
(n  = + fo r  a l l  s > 0)  -
The va l id i ty  of t h e  approximations made i n  writ ing t h i s  equation 
w i U .  become evident when the  experimental r e s u l t s  a re  presented l a t e r  i n  
Chapter 5. 
Equation (2.35) can be solved eas i ly  by assuming there  e x i s t s  a 
function h ( s )  such t h a t  a s imi l a r i t y  solut ion may be found, 
Now subst i tut ing equation (2.36) into equation (2.35) it i s  seen t h a t  
(2.36) i s  a solut ion of 
provided t h a t  
Now with the given boundary 
t o  give 
conditions equation (2.37) i s  easi ly solved 
where 
From section 2.3 it i s  possible t o  write 
where 
fih fih 
dx s i n  ny.coth - - sin(ny coth $ 
- = 
2 
dy cos(ny) - cos(ny coth T )  nh 
and 
where vls i s  given by equation (2.33) and the interface by equation 
(2.29) 
It has been shown i n  t h i s  chapter tha t  t h e  shape of the  in ter -  
face i n  the  two fluid system hepicted i n  Figure 1.1 can be approximated 
to within the order of the density difference. Furthermore, the mixing 
of the two fluids along the interface has been investigated using this 
approximate solution. 
In Chapter 5 these results will be related to an experimental 
study and the va l id i ty  of the approximations confirmed. 
CHAPTER THREE 
STABILITY OF THE INTERFACE 
--
3.0 The S t a b i l i t y  Equation 
Experiments (see Chapter Five) have shown t h a t  it appears t o  be 
possible t o  have a more dense f l u i d  i n  s table  horizontal  motion above a 
l e s s  dense f lu id ,  a s i t ua t ion  which cannot occur i f  the  two f lu ids  a re  
a t  r e s t  o r  i n  uniform v e r t i c a l  motion (wooding, (19)).  I n  other words, 
t he  horizontal  motion of t he  in te r face  between the two f lu ids  appears 
t o  have a s t ab i l i z ing  e f f ec t .  
I n  the  previous chapter the  mixing between two f lu ids  when one 
was in jec ted  i n t o  the  other  was investigated.  It was seen t h a t  the  flow 
downstream tended t o  a uniform motion with one f l u i d  on top of the  
other  with a mixing layer  between. Thus the s t a b i l i t y  of t h i s  system 
w i l l  be governed by much the same mechanism as  i f  the  two f lu ids  had 
always been i n  p a r a l l e l  motion. The following system i s  therefore con- 
sidered here.  
A viscous f l u i d  of density p i s  assumed t o  be i n  uniform 2 
horizontal  motion, i n  a homogeneous porous medium of i n t r i n s i c  perme- 
a b i l i t y  k and porosity c , with seepage veloci ty  U i n  the  posi t ive  
x-direct ion overlying a s imilar  f l u i d  of density p2), a lso  i n  
uniform horizontal  motion with the  same veloci ty  and i n  the  same d i -  
rect ion.  The two flows a re  assumed t o  have been divided f o r  -m < x < 0 
and mixing begins t o  occur a t  t he  point x = 0 . A s t a b i l i t y  inves t i -  
gat ion w i l l  be car r ied  out by perturbing the  equations of motion t o  

obtain a linear fourth order partial differential equation~analogous to 
the Orr-Sommerfeld equation. The flow geometry is pictured in Figure 
The equations of motion are (see section 1.4) 
Now introduce the non-dimensional quantities denoted below by asterisks 
and assuming constant viscosity 
where A is a characteristic length yet to be defined and = u/uo . 
The equations (3.4) are substituted into equations (3.3), (3.2), 
and (3.1) to give, after dropping asterisks, 
and 
are  the l a t e r a l  and longitudinal Rayleigh numbers respectively.  
The density p , pressure p , and ve loc i t i e s  a r e  now per- 
turbed by s m a l l  amounts denoted by a prime which i s  subsequently dropped 
when the  orders of 6 a re  collected.  
As a f i r s t  approximation it i s  assumed t h a t  t he  r a t e  of growth 
of the  mixing layer  can be taken t o  be very small over some length so 
t h a t  it may be assumed t h a t  63 i s  a function of y alone. This i s  
tantamount t o  assuming the "sides" of the  mixing zone a re  p a r a l l e l  and 
i s  the  normal assumption i n  considering the  s t a b i l i t y  of j e t s .  It w i l l  
be shown l a t e r  t h a t  
which rapidly becomes small, compared to a@/ay. 
Equations (3.10) are substituted into equations (3.5)) (3.6)) 
and (3.7) and the order of 8 collected to give 
Since only two-dimensional disturbances are considered equation (3.11) 
implies the existence of a stream f'unction such that 
Elimination of p from (3.12) and (3.13) gives 
ae 
a x '  
Equations (3.14) may be differentiated with respect to x: to give 
Now since is assumed constant and 
equation (3.16) may be rewritten using 
hL and AT depend only on U , 
(3.15) to give 
Now suppose that arbitrary sinusoidal disturbances are represented by 
$ = ,(Y) e i(ax - a c t )  
where a is the non-dimensional wave number 
and where L is the wavelength of the disturbance; 
is the non-dimensional complex wave velocity and x and t are non- 
dimensional distance and time as defined previously, Then equation 
(3.17) becomes 
Note t h a t  making the assumption t h a t  XL and AT are  independent of 
x i s  consistent with the approximation t h a t  O i s  independent of x , 
and therefore ju s t i f i ab le  i n  a f i r s t  approximation. 
The equation (3.18) i s  ra ther  similar t o  the  Orr-Somerfeld 
equation: This i s  not surprising, as  it has already been mentioned 
tha t  Wooding (l7,3) has found t h a t  the  equations governing the motion 
of a buoyant plume i n  a saturated porous medium are similar t o  those of 
a laminar momentum j e t  i n  incompressible flow, It would appear the d is -  
persion plays a s imilar  role  with regard t o  mass t ransfer  as viscosi ty  
does t o  momentum t ransfer  i n  incompressible flow. 
Equation (3.18) may be multiplied through by T(y) , the  
complex conjugate of J (y) , and integrated from t o  . The 
boundary conditions on $(y) , namely t h a t  
a re  equally t r u e  f o r  v(y)  ; hence when (3.18) i s  integrated, the  re- 
sult i s  
A similar operation may be carried out on the conjugate operator for  
IC 4 (Y) , multiplying through by $ (y)  , and t h i s  leads t o  equation 
(3.21) 
Subtracting (3.20) from (3.21) implies 
which implies tha t  
since the term under the in tegra l  i s  positive 
Thus any waxes tha t  might appear must 
defini te .  
have a phase velocity 
equal t o  the velocity 'of flow. Furthermore, equation (3.18) can be re-  
written 
This  equation plus the  boundary conditions (3.19) defines an 
eigenvalue problem which w i l l  now be investigated. 
3.1 The Neutral S tab i l i ty  Curve 
The equation (3.22) governing the s t a b i l i t y  can be rewritten 
(3.23) 
and the boundary conditions 
where 
The neutral  s t a b i l i t y  curve i s  the curve i n  the RayPeigh 
number - wave number plane ( x ~ ,  a) which corresponds t o  disturbances 
which neither grow nor decay with time. Since equation (3.23) has r e d  
coeff icients  and has r e a l  boundary conditions then the neutral s t a b i l i t y  
curve w i l l  be generated by the solutions of (3.23) with ci = 0 . I n  
other words, the principle of exchange of s t a b i l i t i e s  i s  valid. 
Equation (3.23) (with ci = 0) i s  of fourth order and has four l inea r ly  
independent solutions and 
By subst i tut ing (3.25) in to  the boundary conditions (3.24) four 
homogeneous equations i n  four unknowns ( A ~ )  are  generated. For these 
four homogeneous equations t o  have non-trivial  solutions for  the  Ai 
the  determinant of the coefficients must vanish, This i s  the so called 
secular determinant and it generates the neutral s t a b i l i t y  curves i n  
the (hT , a) plane with x. as a parameter. 
However, it i s  generally not necessary t o  solve the equation 
(3.23) t o  generate the neutral s t a b i l i t y  curve. A well-known variat ional  
method due t o  S. Chandrasekhar (25) i s  now employed. 
3.2 A Variational Method 
Prior t o  proceeding with the development of the Chandrasekhar 
method consider O which i s  the steady s t a t e  density d is t r ibut ion  i n  
the  in ter fac ia l  zone (see section 2.4) 
where D, X, and U w e  dimensional quantit ies,  and X i s  the distance 
from the s t a r t  of the mixing zone. 
The two coordinates X and x can be regarded as a geographical 
coordinate and a loca l  coordinate respectively, The aim of the s t a b i l i t y  
analysis w i l l  be t o  investigate loca l  s t a b i l i t y  i n  the region of the co- 
ordinate X and the approximation made w i l l  be tha t  while O depends 
on X it i s  independent of x . This i s  equivalent t o  assuming the 
mixing zone has pa ra l l e l  sides loca l ly  and i s  the usual approximation i n  
considering the s t a b i l i t y  of laminar j e t s  e tc ,  
Thus 
Now choose R 
ot  (0) 
then 
and 
so tha t  
seen tha t  R depends on the geographical coordinate X 
but i s  supposed t o  be independent of the loca l  coordinate x . 
The assumption t h a t  the mixing zone has pa ra l l e l  sides can be 
checked here 9 
-- 
7r 
and thus becomes small when X becomes large, hence the larger  X the 
b e t t e r  .the approximation, 
Thus f o r  neutral  s t a b i l i t y  (ci = 0 ) .  we have 
where we have now written 
A = +  
and 
( )  = 0 
The essence of the Chandrasekhar method i s  t o  expand the  function t (y) 
i n  orthogonal functions which sa t i s fy  the boundary conditions. The 
orthogonal functions on the doubly in f in i t e  range implicit  i n  (3.24) 
are Hermite polynomials, Morse and Feshbach (26), thus we write 
where 
and 
Then 
leads t o  
Now multiply equation (3.34) through by ~ ~ ( 6 )  and use the orthogonality 
in tegra l  f o r  Hermite polynomials 
This leads t o  
and since 
m-n m+n-1 
where 
( 0  i f  m + n i s  odd 
X(mt n) 1 i f  m + n i s  even 
then 
4 2 - - m-n m+n-1 Aa t a A 8  zn n! -? (-1) m+ n + l  2 mn 2 e 2 2  r( 
x 
2x 
(3.36) 
where m,n = 0, 1, 2, , . . 
Equation (3.35) can be regarded a s  an i n f i n i t e  number of homo- 
geneous equations i n  an i n f i n i t e  number of unknowns An For non- 
t r i v i a l  solutions f o r  A ~ ,  1 am! = o ; thus equation (3.36) generates 
the  neutral  s t a b i l i t y  curve. 
3.3 Variational Theory Results 
I n  t h i s  section r e su l t s  are given from which a graph of Rayleigh 
number 
can be drawn as  a function of , the  non-dimensional wave number, 
f o r  neutral ly  s tab le  disturbances. 
To compute t h i s  curve, leading minors of the  determinant (3.36) 
are  successively put equal t o  zero. This then defines 
l a t i o n  between A , a and . If values of u and 
the  lowest value of A found a t  which the determinant 
t h i s  gives a point on the  neutral  s t a b i l i t y  curve. 
an i n t r i n s i c  re- 
a are  given and 
vanishes then 
This Chandrasekhar process i s  of ten rapidly convergent i n  t h a t  
only a low order leading minor need be taken i n  order t o  ge t  a f a i r l y  
precise answer. However, i n  t h i s  case it was necessary t o , t a k e  the 
leading minor of order 10 t o  get suf f ic ient  accuracy. Furthermore, as  
the  v a u e  of u decreased the convergence became even slower as it a lso  
did f o r  h large.  
The numerical calculations were carried out on the IBM 7094 i n  
the Booth Computing Center a t  t he  California Ins t i tu t e  of Technology. 
The determinants were evaluated using a standard l ibrary  subroutine 
available fo r  t h i s  purpose. The resul t s  are given fo r  u = 0.5 and 
u = 0.9 and are the dashed l ines  on Figure 3.2. 
Several interest ing points are  brought out by the resul ts .  The 
most o'tsvious resul t  i s  tha t  the flow i s  always unstable when the 
Rayleigh nmber i s  positive,  tha t  i s  when p2 > pl . This i s  not sur- 
pris ing as  the analogous incompressible flow, a f r ee  shear layer, is  
also always unstable, Tatsumi and Gotoh (27) .  However, there do ex i s t  
waves which are not unstable a t  a given Rayleigh nmber. Another 
interest ing re su l t  i s  t h a t  a t  a given Rayleigh number, an increase i n  
the  longitudinal dispersion w i l l  be s tabi l iz ing,  tha t  i s  the spectrum 
of unstable wave numbers i s  narrower. According t o  Harleman and Rumer 
(16) H = = D /D uoe5 and DT-U L T 0e7 and since 4 u-Ow5 
the  ef fec t  of increasing the flow velocity w i l l  be t o  decrease the 
a Rayleigh number and increase K . Thus increasing the flow velocity 
w i l l  reduce the spectrum of unstable wave numbers, or  have a s tab i l iz ing  
ef fec t .  Thus the higher the  velocity the  longer the unstable waves. 
3.4 An Approximate Solution 
The density p ro f i l e  as specified by 
can be approximated by the prof i le  
Then 
and the equations of motion become 
and these equations are easi ly solved. It will  be noted tha t  ci has 
not been put equal t o  zero t h i s  time as it i s  desired t o  investigate 
the growth rates of unst'itble waves, The boundary conditions are given 
i n  equations (3.24). However, 
the outer equations (3.38) and 
these boundary conditions only apply t o  
matching conditions must be determined 
by which the solutions of the inner (3.39) and outer (3.38) equations 
can be related. These matching conditions are required a t  t'he points 
y = f 1 and are obtained by integrating equation (3.23) between 1 - G 
and 1 + G and taking the l imi t  as c -, 0 ; similarly between -1 - c 
and -1 + s ( ~ s c h ,  (28)). This gives, considering the f i r s t  case 
~"(X)I;: - a2(1 + d[(' (y)lK: + a4x  j' ) (y) dy 
l-e l -e  
Now suppose S(y) i s  continuous, then we can write 
since O + A = constant a t  y = I f s . Thus i f  Q (y ) i s  continuous 
then 9 ' (y) , )"(y) and are continuous a t  y = 1 also. A 
similar argument applies at y = - 1 . 
The solutions of (3.38) can be written down as 
where 
But the boundary conditions (3.24) imply that 
For 1 y l  < 1 there are three solutions which must be considered 
separately and they correspond to the three cases implied by 
Case I 
The solution of equation (3.39) can be written as 
where 
Case I1 
When 
then 
r = o  
and equation (3.39) has a solution 
Case I11 
When 
equation (3.39) has the solution 
tIII(y) = Blcos yy + B2coshGy + B s i n  yy + BqsinhGy (3.50) 3 
Where .I 
Each one of these three cases must be investigated separately. 
The four matching conditions at y = f 1 will give eight homogeneous 
equations in 8 unknowns, the four Ai and four Bi . For these eight 
equations to have non-trivial solutions the determinant of the coef- 
ficients of the Ai Bi must vanish. This will generate the secular 
equation and there will be three such secular equations? corresponding 
to the three cases above,to investigate. Each of these will involve 
I 
simplifying an 8 x 8 determinant, but fortunately the labor is not ex- 
cessive . 
i) Case I ax2% 
< 1 - arci 
The determinant obtained from the matching conditions at 
This determinant simplifies to (the details are given in Appendix B), 
This intrinsic relation for a, c n and h was investigated i ' 
numerically to determine if any positive roots for h existed when 
a, ci and n were given. The determinant appeared to be a positive 
monotonically increasing function of for all values and 
n chosen and an intensive search found no roots on the (A, a )  plane. 
It was concluded no roots of any physical significance exist for Case I, 
fi) Case I1 h = ax2% 1 - arci 
The determinant can easily be written down using the matching conditions 
and solutions (3.48), (3.41) and (3.42) 
54 
The determinant can be simplified t o  
(e% +a) (6 + 8)  b(w + a  + P)  - w1 
+ e0"(6 - a) (6 - p) [6(ap + a + f3) + cxp] ) . 
2 
and since y = 0 and A = a3c n / ( l  - -ci) 
The behavior for  ci = 1/a3c i s  disregarded for  the moment and w i l l  be 
discussed l a t e r ,  (see page 56). 
A simple investigation of the roots of (3.52) when ci = 0 
shows tha t  there are only negative values of A when a and x are 
r e a l  and positive. There i s  no indica;f;iorn of any positive roots fo r  h 
even when c 0 . i 
i i i )  Case III h > a2x 1 - aci 
The determinant i s  again eas i ly  evaluated using solution tIII(y) 
(equation (3.50)) and solutions (3.41) and (3.42) and the matching con- 
di t ions a t  y = f 1 . The determinant i s  
I o 0 1 1 -cos y -cosh 6 s i n  r s i n h  8 1 
a -@ 0 0 y s i n  y -6 s i n .  6 -y cos r -6 cosh 6 
0 0 a p -y s in  y 6 sinh 6 -r cos y -6 cosh 8 
Id p2 0 0 r 2 cos y -6 2 cosh 6 r 2 s i n  y -6 
a! 
2 2 2 2 2 p r cos 1 . -6 cosh 6 ;r s i n  y 62sinh 6 1 
-a -B 0 3 3 3 3 0 -y s i n  y -6 sinh 6 y cos y -6 cosh 6 
r 
o o a 3 3 3 3 p3 y s i n  y 6 sinh 6 y cos y -6 cosh 6 
and can be simplified with some labor t o  two factors  
2 2 6 s i n  r (w(r2 + 62) - (r2tj2 - a2g2) + r (a + p2)] 
2 2 2 2 + y cos r tanh 8 (af3(r + 6 ) + (r2s2 - d g 2 )  + 8 (a + g2)) 
+ s i n  I tanh 8 af3(a! + f3) (y2 + 62) + cos y (a + g)y6(r2 + 62) = 0 
(3.53) 
and 
2 2  2 r s i n  y (af3(r2 + 62) + 6 (a * p ) + y2s2 - a2f32) 
2 2 
-6 cos y- tenh 6 (@(r2 + 62) + (a + p2) - (r2g2 - a2p2)) 
2 2 
+ y 6 s i n r t s n h 6  ( a + p )  (y + 6 ) - c o s y  ( a + g ) ~ @ ( y ~ + 6 ~ )  = 0 
(3.54) 
where I. i s  defined by equation (3.51), 6 by equation (3.46) and p 
by (3.40).  
The roots of these two factors  are investigated numerically and 
the resul t s  given i n  a l a t e r  section. 
With the use of these approximate solutions tha t  have been de- 
veloped it i s  possible t o  determine not only the neutral s t a b i l i t y  
curves but curves of constant ci i n  the ( A  , a) plane. These curves 
determine the growth ra te  of any ins tab i l i ty  tha t  occurs. 
Considering again the case where 
it appears tha t  the growth ra te  may be bounded a t  mci = )d and since 
mcit 
the amplification of unstable disturbances, e , depends on mc i 
it appears tha t  the amplification of unstable waves may be bounded. 
3.5 Results from Approximate Theory 
I n  t h i s  section detailed computed resul t s  are given for  the 
shape of the neutral s t a b i l i t y  curve and the maximum growth ra tes  of 
unstable waves. It 
roots for  Case I or  
has d r e a d .  been stated tha t  there are no apparent 
Case IS: when 
For Case 111, 
there i s  one obvious root of equation (3.53) namely r = 0 . However, 
t h i s  i s  Case I1 fo r  which the solution t o  the d i f fe ren t i a l  equations 
i s  different  from Case 111. It so happens tha t  when r = 0 the de- 
terminant i n  Case I1 i s  not ident ical ly zero so r = 0 i s  an extraneous 
root of Case 111. The correct roots are plotted i n  Figure 3.2 t o  show 
the comparison with the resul t s  of the variat ional  theory. It i s  seen 
tha t  the variat ional  theory gives somewhat more stable resul ts .  Since 
it i s  known tha t  variational methods of the Rayleigh-Ritz family gener- 
ally overestimate the s t a b i l i t y  of a given system it would seem tha t  the 
resul t s  of l inearizing the profi le  are quite reasonable. 
The neutral s t a b i l i t y  curves for  four values of u are also 
a plot ted on logaritbmii 
the neutral s t a b i l i t y  
comes large. It w i l l  
h = a 2 u  
graph paper on Figure 3.3, where it appears tha t  
2 
curves are asymptotic t o  h = E.b! u when a be- 
be r e c u e d  tha t  
with ci = 0 corresponds t o  y = 0 . This r e su l t  then explains the 
extraneous root r = 0 i n  Case 111; it i s  actually an asymptote t o  the 
correct resul t .  
Curves of constant amplification ra tes  can be computed from 
equations (3.53) and (3.54) by choosing a fixed positive value of 
ci 
i n  the definitions of r (equation (3.$1)), 8 , equation (3.46) and 
p , equation (3.40) and then evaluating the roots fo r  A when a and 
H. are given. The resul t s  of such a computation are shown i n  Figures 
3.4, 3.5 and 3.6 which gives curves of constant ci i n  the (A, a) 
plane fo r  values n = 0.1, 0.9, 5.0 respectively. 
From these resul t s  it i s  possible t o  draw curves of a versus 
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Figure 3.  10 Maximum growth ra t e  factors  a s  a function of Rayleigh 
number. 

aci a t  constant Rayleigh number, h , and determine the maximum value 
of aci . The corresponding value of a (called amax) WIU. be the 
most unstable or  fas tes t  growing wave, according to  t h i s  approximate 
lineax theory. This most unstable wave w i l l  amplify with time according 
The curves of a versus aci 
Figures 3.7, 3.8, and 3.9. It 
for constant h and n are given i n  
i s  seen on these graphs that  growth ra te  
factor aci i s  bounded a t  aci = 0.5 . The maximum values of aci 
and a are plotted against the Rayleigh number i n  Figures 3.10 and 3.U. 
Figure 3.10 gives the growth ra te  of the fas tes t  growing un- 
stable wave. I f  L is the wavelength of such a wave then 
and thus the wavelength i s  easily determined. 
From Figure 3.10 it i s  observed that  the ra te  of growth de- 
creases as the longitudinal dispersion coefficient increases (i. e m  u 
.increasing). Thus not only i s  the spectrum of unstable wave numbers 
narrower with increasing velocity (see section 3.1) but the ra te  of 
growth of wistable waves i s  decreased. 
It should be emphasized here that  th i s  i s  only a local  theory 
assuming that  locally the width of the dispersion zone i s  not increasing 
with x , consequently the growth rates predicted are only local  growth 
rates. To determine the wave most l ikely  t o  be seen a t  any point i s  a 
far more d i f f i cu l t  problem. In  order t o  solve t h i s  one would have t o  
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consider the variat ion with x of the dispersion zone and then solve an 
i n i t i a l  value problem; tha t  i s  give an arb i t ra ry  disturbance a t  x = 0 
and see how it grows or  decays as it i s  swept downstream. The wave most 
l i k e l y  t o  be seen a t  any location i s  then the wave having the maximum 
growth ra te .  This problem i s  intended for  l a t e r  study. 
However as an example of the loca l  growth rates  consider the 
amplification of a disturbance i n  the time taken for  the flow t o  t r ave l  
a distance 5R . The non-dimensional time taken w i l l  be 
Now 
and f o r  -4 example suppose Uo - 0(10 ), U -- 0(5 x lon3) then t* ' = low1 
pi 
max 
/ l o  & =  e 
and since according t o  t h i s  l inear  theory the upper bound for  (ac.) 
l rnax 
i s  0.5 the maximum amplification would be 
which i s  a 5% increase i n  amplitude. 
Furthermore, since (aci) i s  bounded ( ~ i g u r e  3.10) there can 
max 
be no sudden growth of ins t ab i l i ty  such asoccurs  when laminar flow be- 
comes turbulent. This bounded growth ra t e  of ins t ab i l i ty  implies the 
existence of a quasi-stable flow, t h a t  i s  a flow which w i l l  appear 
stable but w i l l  ultimately display growing waves along the density 
interface. This result i s  borne out experimentally and w i l l  be de- 
scribed in more detail in Chapters 5 and 6 .  
CHAPTER FQUR 
APPARATUS AND PROCEDUE(E 
4.0 Introduction 
An experimental investigation was undertaken t o  determine the  
r a t e s  of dispersion and t o  observe the s t a b i l i t y  along a moving density 
interface.  The experimental setup was intended t o  model the flow 
pa t te rn  shown diagrammatically i n  Figure 1.1. The experimental pro- 
cedure w i l l  f i r s t  be described i n  an overa l l  way and par t icu lar  d e t a i l s  
discussed l a t e r .  
Horizontal flow through a sand bed was established i n  a closed 
Lucite tank 250 cm long, 15 cm wide, and 35 cm deep. The tank was 
f i l l e d  with sand and a l i d  screwed onto the  top giving i n  e f fec t  a box 
f u l l  of sand through which a uniform flow of deaired d i s t i l l e d  water 
could be run. A flow of deaired sa l ine  water w a s  introduced, through a 
transverse s l i t  i n  the  top of the box, i n to  the uniform flow of d i s -  
t i l l e d  water. The flow pat tern shown schematically i n  Figure 1.1 was 
thereby generated. 
S a l t  concentrations a t  points i n  the  flow were determined from 
e l e c t r i c a l  conductivity measurements taken by conductivity probes which 
were passed through the sand bed top t o  bottom. The probes were sealed 
a t  the  top and bottom of the  tank i n  such a way t h a t  they could be moved 
up and down without f l u i d  escaping from the  tank. They were connected 
t o  a recorder which measured the e l e c t r i c a l  conductivity of the  s a l t  so- 
lution introduced through the  s l i t  i n  the  top. By moving the  probes 
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slowly through the tank it was possible t o  record a prof i le  of e l ec t r i -  
c a l  conductivity of the moving water i n  the tank and thus determine a 
concentration prof i le  by cal ibrat ion curves relat ing e l e c t r i c a l  con- 
duct ivi ty t o  concentration per uni t  mass. The shape of the concen- 
t r a t i o n  prof i le  across the tank was then used t o  determine dispersion 
coefficients.  The experimental setup i s  shown schematically i n  Figure 
4.1, 
4.1 The Experimental Tank 
A tank 250 cm long, 15 cm wide and 35 cm deep was constructed of 
112 inch thick Lucite according t o  the diagrammatic plan shown i n  Figure 
4.2 and shown photographically i n  Figure 4.3. The bottom of the tank 
had s ix  tapped holes 40 cms apart  and located as shown i n  Figure 4.2. 
S tamless  s t e e l  "Swagelok" f i t t i n g s  (nominal s ize 114 inch) were screwed 
in to  the holes and the conductivity probes passed up through the 
f i t t i n g s  and located temporarily with s t raps across the top of the tank. 
A t  each end were screens (65 meshes per inch) t o  re ta in  the sand and 
help produce uniform flow of water through the sand. Three i n l e t  pipes 
f i t t e d  with diff'users (v is ib le  i n  Figure 4.3b) were placed i n  the up- 
stream end of the tank t o  help produce a uniform flow 
One thousand pounds of Ottawa Fl in t  Shot sand 
give the  sand used i n  the tank. This sieved sand had 
through the tank. 
were sieved t o  
a grading curve 
as  shown i n  Figure 4.4 and a mean diameter of 0.530 mm and og = 1.10. 
The tank, with the probes held i n  position by temporary s traps across 
the top, was filled with sand by siphoning through a 518 inch diameter 



Figu re  4, 3h Deta i ls  of the appara tus .  

p las t i c  tube. F i r s t  the tank was quarter f i l l e d  with water and then a 
s lurry of sand and water siphoned i n  from a supply tank. I n  t h i s  way 
the sand was placed under water without any a i r  bubbles being caught i n  
the sand. Approximately two inches of sand would be placed and then the 
sand was compacted by the vibration of the tank with an a i r  hammer and 
the process repeated u n t i l  the sand, when levelle2. off with a specially 
made screed, was 8 mm from the  top edge of the tank. The locating 
s traps for  the tops of the probes were then reaoved as  the t i g h t l y  com- 
pacted sand ncw held them i n  place. 
A t  t h i s  stage a 118 inch thick sof t  "Neoprenet' sheet 15 cm wide, 
with holes cut for  the probes and the  s l i t  i n  the l i d ,  was placed on 
top of the  sand (see Figure 4.2). When the l i d  was placed on the tank 
t h i s  compressed onto the top of the sand and helped t o  prevent short 
c ircui t ing sf the flow between the l i d  and the top of the sand. The 
sealing was corrrpleted by placing a t h i n  bead (118 inch i n  diameter) of 
"Sealastic" on top of the rubber sheet and against each w a l l  of the tank. 
(When the l i d  was screwed dcwn the "Sealastic" f i l l e d  aw r e ~ s i n i n g  gaps 
between the neoprene, l i d ,  and w d l s .  ) The l i d  was now carefully placed 
on the  tank, and the t i p s  of the probes projecting from the Neoprene 
sheet guided into the f i t t i n g s  i n  the l i d .  The l i d  was then screwed 
down 
4.2 The Conductivity Probes and Recorder 
The conductivity probes ( ~ i g u r e  4.5) were made by binding two 
platinum wires 0.020 inches i n  diameter in to  two grooves cut 2.5 mm 
apart near one end of a 114 inch diameter 
mately 18 inches long. The wire was then 
phenolic res in  
pulled through 
d r i l l ed  i n  the bottom of the grooves and led  out the end 
tube approxi- 
small holes 
through the 
118 inch hollow center of the  tube. This tube was then spliced t o  
another of the  same length by a s lo t ted  dowel rad 1/8 inch i n  diameter, 
the s lo t s  being necessary t o  G1Lciw the lead wires t o  pass up the tube. 
The hollow tube so formed was pumped f u l l  s f  polyester resin t o  form a 
sol id rod with two platinum rings 2 = 5  ri apart near tlae center of the 
rod. A microphone connector t o  which the lead wires were attached was 
then glued t o  the  end of' t'9e rod, and the two platinum r i n g s  polished 
f lush with %he surface of the rod. The construction i s  s " i ~ o ~  diagram- 
matically i n  Figure 4.5, along with a photograph of the finished arti-  
cle.  
A Sanborn Pour-Channel Recorder ( ~ o d e l  154-100~) v i t h  1100 AS 
Carrier Amplifiers was used for the measurement of the conduc5ivity. A 
c i rcu i t  diagram showing the half bridge elements used i n  cen j~nc t ion  
with the conductivity pro5es i s  given i n  Figure 4,6.  C-ro~ded screens 
between each probe were necessary t o  preven* interacticns.  These were 
provided by s ta in less  s t e e l  screens (28 meshes per inch) of the same 
c ro~s - sec t iona l  area as the tank and placed midway between probes, The 
probes were grounded by a machine screw connection up through the 
bottom of the  tank, 
4.3 Measurement of Sa l in i ty  Pmf i l e s  
Preparatory t o  running each ser ies  of experiments it was 
Figure  4 .5  The conductivity probes .  
Figure 4 .6  The bridge circuit  used in  conjunction with the Sanborn 
recorder  for the measurement  of the conductivity. 
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Figure 4. 7 Typical calibration curves for the conductivity probes. 
(D- s e r i e s )  
necessary t o  cal ibrate  the conductivity probes i n  s i tu .  This was ac- 
complished by making up solutions of sodium chloride  o or ton food grade 
"999") of known concentration and passing approximately 5 gallons of 
each through the apparatus and recording the re la t ive  conductivity. A 
curve was then drawn of concentration per uni t  mass against Sanborn 
reading, the amplifiers having been balanced and the recorder zeroed t o  
deaired d i s t i l l e d  water a t  the s t a r t  of the calibration. Typical c d i -  
bration curves (D-series) f o r  probes are shown i n  Figure 4.7. With 
curves l i k e  t h i s  f o r  each of the probes i n  use f o r  part icular  run t o  be 
carr ied out it then became a simple matter t o  measure the actual con- 
centration prof i le ,  
Having calibrated the probes t o  be used by successive flushings 
with known solutions, the Past calibration sclu-bion would be flushed out 
by running deaired d i s t i l l e d  water Ctrough the apparatus u n t i l  the re- 
corder had returned t o  a zero reading. The a~proxlmate flow ra te  fo r  
the main flow i n  the experiment would then be s e t  by adjusting the height 
of the inflow constant head tank. The injected flow would then be 
s ta r ted  and adjusted t o  the required value by operating the needle valve 
above the entrance t o  the s l i t .  Both flows would then be permitted t o  
run u n t i l  a steady half-body shape could be observed. The injected flow 
contained a very small amo& of a nonconducting nonadsorbable dye 
( ~ r i e ~ e r ,  F1. 6.8 Pink concentrate Color NO. B-3-G-6). A t  t h i s  point 
the probes would be moved up sequentially u n t i l  measurements indicated 
the platinum rings were &ost at  the dye l i n e  and the distance between 
the top of the tank and the  end of the probe recorded. The probes 
would then be moved up approximately 1 m each and the elevation noted 
against the respective t rack  on the recorder paper. The position of 
the two rings with respect t o  the top of the sand bed was determined i n  
the following manner. The probes had been constructed so tha t  it was 
exactly 50 cm from the upper end (the end without the connector) of the 
probe t o  the point midway between the rings. It was possible t o  measure 
the distance from the end of a probe t o  the top of the tank t o  within 
f 0.25 m and the distance between the top of the sand bed and the top 
of the tank was known t o  f 0.5 m. Thus the location of the rings with 
respect t o  the top of the sand bed was known t o  * 0.75 mm and the rela-  
t i v e  distance between points on the conductivity prof i le  t o  within 
f 0.4 mm. This accuracy i s  quite suff icient  for  even a t  a uniform 
concentration of solution the sand grain packing about the probes caused 
a fluctuation of approximately one h C f  a division on the Sanborn re- 
corder scale. A t  low concentrations t h i s  causes a high error, for  
example, fo r  2* recorder divisions t h i s  i s  an er ror  of 20%. Conse- 
quently some sca t te r  can be expected i n  the resul t s  especially a t  the 
low concentration end of the prof i le .  
4.4 Measuring the Flow Rate 
The main flow in le t ,  main flow out le t  and the s a l t  water i n l e t  
. 
were a l l  connected t o  constant head reservoirs ( ~ i ~ u r e  4.1). The supply 
of fresh water came from two f ive  gallon glass jars, on the very top of 
the apparatus, which i n  tu rn  were supplied by a Jabsco p las t i c  impeller 
pump from a 55 gallon reservoir.  The salt-water supply t o  the constant 
head tank came from a volumetric tank which i n  turn was supplied by 
another Jabsco pump from another 55 gallon reservoir. 
The saline flow ra te  was measured by recording the elevations i n  
the saline volumetric tank and measuring the overflow from the saline 
constant head tank for  a given time lapse, The maximum probable error  
i n  t h i s  flow measurement was approximately f 0.04 per second, giving 
a maximum per centage error  of f 4$e However, it w i l l  be seen l a t e r  
tha t  t h i s  e r ror  could be as high as f 10$ and s t i l l  not influence the 
resul t s  as the computation involving the flow r a t i o  depends remarkably 
l i t t l e  on the flow ra t io ,  
The mean t o t a l  flow was measured ~olumetr ica l ly  a t  the overflow 
from, the out le t  constant head tank, The estimated maximum absolute 
error  was within f 0.04 d / s e c  and the maximum per centage error  within 
f 0.476, The resu l t s  quoted i n  Table 5.1 are the mean of several measure- 
ments. 
4.5 Determining the Concentration of Solutions 
The solutions used t o  cal ibrate  the probes were made up by 
weighing out the approximate amount of sodium chloride which when dis- 
solved i n  5 gallons of d i s t i l l e d  water would give approximately the 
concentration of solution desired. A t  the time of making the ca l i -  
brations fo r  the experimental run a sample was taken from the ca l i -  
brating solution fo r  l a t e r  gravimetric analysis. 
, 
The gravimetric analysis consisted of carefully drying a 100 mi?. 
f lask and rubber stopper f o r  approximately 24 hours i n  a s i l i c a  gel  
dessicator.  The dr ied b o t t l e  and stopper were then weighed t o  within 
f 0.00005 gm i n  a dr ied atmosphere on a "Right-a-weigh" single pan 
balance manufactured by Wm. Ainsworth and Sons. About 20 mA of the  
cal ibrat ion solution was then quickly added t o  the f l a sk  and the stopper 
replaced and weighed again. The stopper was then removed t o  the des- 
s ica tor  and the  weighed solut ion t ransferred t o  an oven a t  90'~. When 
it appeared t h a t  a l l  evaporation had taken place, about 24 hours l a t e r ,  
the  f lask  was then returned t o  the  dessicator fo r  approximately four 
hours and then the stopper replaced i n  the f lask  and the  f l a sk  and 
stopper again weighed i n  a dr ied atmosphere. I n  t h i s  way the  s a l t  pre- 
sent i n  approximately 20 gms of solut ion could be determined t o  within 
f q.0002 gms on repet i t ion.  This gives a maximum per centage e r ror  of 
a 0.01% solution of and 2% on a 0a05$ concentration. These low , 
concentrations were only used f o r  the  E-series (see Chapter 5) and the  
.e r ror  i s  comparable with the  e r ror  t h a t  occurs with the  Sanborn recorder 
especial ly  st low concentrations (see section 4.3). Furthermore, since 
the  per centage e r ror  decreases a t  higher concentrations and the  ca l i -  
b ra t ion  curves are l i n e a r  a t  low concentrations t h i s  e r ror  i s  minimized. 
The Sanborn recorder had a tendency t o  "dr i f t "  i n  the time be- 
tween cal ibrat ion and on experiment. This was corrected f o r  by rezeroing 
before an experiment and checking the  maximum deflectcion of the  recorder 
during any experiment with the  known concentrations being passed through 
the  tank. Small corrections were of ten  necessary. 
4.6 Homoneneitu of the  Medium 
The homogeneity of packing of the  sand was checked i n  two ways. 
The packing along the tank could be checked by the pressure loss  re- 
corded between piezometers (see Figure 4.2) placed i n  one side of the 
tank a t  mid-depth and located a t  f ive  equally spaced positions along 
the  tank, I f  the packing were longitudinally homogeneous then the 
pressure gradients recorded between equally spaced piezometers should 
be equal, and t h i s  i s  i n  f ac t  so (see below). 
To check th.e uniformity of packing with depth a ve r t i ca l  dye 
front  was run through the tank and the  shape of the front near the other 
end of the tank recorded. The black curved l i n e  i n  the photographs of 
the tank i n  Chapter Five shows the shape of the  dye front.  It would 
appear tha t  the permeability decreases with height being s l ight ly  higher 
a t  the-bottom. The curve appears smooth and it would seem tha t  t h i s  i s  
a r e su l t  of the manner i n  which the sand 2s packed i n  the tank. The 
maximum percentage difference i n  permeability can be estimated by taking 
the  difference i n  the distance traveled a t  top and bottom divided by the 
overal l  distance. This i s  approximately 59 a t  the very worst. 
The results '  of a determination of the permeability of the sand 
bed and i t s  longituainal uniformity are  given below, For uniform flow 
Darcy's Law s t a t e s  tha t  the velocity of flow v i s  given by 
where K i s  the hydraulic conductivity 
i i s  the  pressure head gradient. 
To measure K it i s  only necessary t o  measure the  t o t a l  flow ra te  and 
the  head loss  AH between any two stat ions.  If Q i s  plotted against 
AH then the  slope of the l i n e  should be constant and equal t o  KA/L 
o Between I 8 2 
o Between 2 8  3 I 
Between 3 8  
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AH PRESSURE DROP BETWEEN PIEZOMETERS (cm.) 
Figure 4. 8 Confirmation of longitudinal homogeneity and Darcy's 
law for the sand bed. 
where A is the cross sectional area of the tank, L the distance 
between piezometers. The results are given in Figure 4.8 below. From 
Figure 4.8 it is very obvious that Darcy' s Law is true for the experi- 
ment and that the permeability between piezometers is quite uniform for 
the entire length of the sand bed. The hydraulic conductivity K was 
found to be 0.098 cmlsec, at the temperature at the time of the deter- 
mination, (21.k0~). The intrinsic permeability 
A direct determination of the porosity was not possible. How- 
ever an estimate may be made by determining the average rate of advance 
of a fluid front to give the seepage velocity within the tank; since 
the superficial flow velocity is known from volumetric measurement then 
The porosity was found to be 0.34 as a mean of eight trials with an 
error of f 0.006. 
E x P E R I r n A L  RESULTS 
5.0 Objectives 
The basic objectives of the experiments were t o  observe i f  a 
s table  two layer  flow could be developed with the denser f lu id  on top 
and i f  such a s table  flow did exis t  then t o  determine whether or  not the  
l a t e r a l  dispersion coefficient was great ly influenced by the density 
difference, 
It was shown i n  Chapter 2 tha t  the shape of the interface, a 
f ree  surface, could be approximated t o  within the order of the density 
difference, Furthermore, it was shown how a solution fo r  the mixing 
along such an interface could be developed. Chapter 3 showed tha t  al- 
though the flow as always unstable the growth ra t e  of unstable waves was 
bounded and very low, thus leading t o  a quasi-stable flow, The experi- 
ments w i l l  attempt t o  confirm t h i s  and d s o  to investigate the  va l id i ty  
of the  mixing theory developed i n  Chapter 2, 
5.1 Basic m e r i m e n t a l  Parameters 
- - - -- 
The (letails of the  experimental runs are given i n  Table 5.1; an 
explanation of the data columns i s  as follows, 
Column 1 gives the run number of the experiment. The l e t t e r  re fers  t o  
an experimental s e t  of constant s a l t  concentration and the number t o  a 
constant flow ra t io ,  
Column 2 gives the salt concentration i n  grams per grm of solution fo r  
the  injected flow. 
X X X X X X X X X X X X X X X X X X X X X X  
X X X X X X X X X X X X X X X X X  
X X X X X X X X X X  
d d d d d d d d d d d d d d d  
Column 3 gives the r a t i o  of the  sal ine flow t o  .pure water flow. It w i l l  
be noted t h a t  no flow r a t i o s  a re  given f o r  the  A and B s e r i e s  experi- 
ments, This i s  the  r e s u l t  of an experimental e r ro r  inval idat ing the  
sa l ine  flow measurements f o r  these two ser ies ,  
Column 4 gives the Dean super f ic ia l  flow veloci ty  i n  centimeters per 
second through the sand bed and i s  the  t o t a l  flow r a t e  through the  tank 
divided by the  cross-sectional area  of the  tank normal t o  t he  d i rec t ion  
of  flow (520 sq. cm. ). 
Colwans 5 through 9 give the  locations a t  which conductivity prof i les  
were measured. The Roman numerals correspond t o  the  following distances 
i n  centimeters downstream from the  entrance s l i t :  
PROBE : 1 I1 111 IV V 
DISTANCE : PO cm 50 cm 90 cm 130 cm 170 cm 
Not a l l  four channels were i n  operation a l l  t he  time due t o  intermit tent  
amplifier  fa i lu res ,  and probe breakages. 
C o l m  10 gives the  densi ty  difference i n  grams per m i l l i l i t e r  of the  
two solutions a t  the  measured temperatures and concentrations. The 
values are taken from The In te rna t iond  Critical Tables, Volume 111. 
Columns 11 and 12 a re  the  kinematic v i scos i t i e s  ( i n  centistokes) of pure 
water and s a l t  solutions at the  measured temperatures. The vaLues are 
taken from the  In te rna t iona l  C r i t i c a l  Tables, Volume 111 and The Handbook 
of  Chemistry and Physics, 42nd Edition. 
5 .P Relatine: Emeriment t o  Theom 
In  Chapter 2 t h e  equation governing the  mixing was shown t o  be 
of the form 
in dimensional variables, where q is the seepage velocity, and C 
the relative concentration in grms of salt per unit volume of solution. 
However, the concentration measured experimentally is concentration in 
grams of traeer per gram of solution, and 
where p is the density of the solution and 
'm 
and Cv are the 
concentrations per unit mass and unit volume respectively. It will be 
within the experimental error to use these interchangeably, and this 
will be done from now on, and the concentration will be called C . 
Two methods will be used to relate the experimental data to the 
mixing theory. The first one, given in this section, will cover the 
mixing from the stagnation point on downstream and will require a 
knowledge of the flow ratios. The second method where the flow ratio 
is not required is only applicable downstream of the salt water inlet 
and will be given in a later seetion. 
Now, it is generally accepted (see section 1.1) that the dis- 
persion coefficient is proportional to the flow velocity. However, as 
with all exceedingly complex phenomenon this is only true in a broad 
sense, consequently attempts have been made to describe the dispersion 
by means of a semiempirical law such as 
where r and o are cons%.ants 
v i s  the  super f ic ia l  flow veloci ty  
d i s  the  mean p a r t i c l e  size.  
Such formulas ignore any influence changes i n  the Schmidt number, 'v/D, , 
where Dm i s  the molecular diffusivi ty ,  may have on the  dispersion 
coeff ic ient .  
Now, according t o  Harleman and Rmer (16) 
and since t h e i r  experiments were carr ied out with a constant density 
salt solution the  Schmidt number can be regarded as constant, although 
no mention i s  made of constant temperatures and therefore constant v i s -  
cosi ty ,  
I n  considering the mixing from the  stagnation point on down- 
stream the dispersion coeff ic ient  w i l l  be assumed t o  be given by an 
equation o f  the form of equation (5.2). This i s  not s t r i c t l y  t rue  f o r  
two reasons . (apart  from the  generai va l id i ty  of such a form). 
F i r s t ,  it has already been s ta ted  (see Chapter 1) t h a t  a formula 
such as (5.2) can only be t rue  f o r  a p a r t i c l e  Reynolds la rge  enough 
-2 (i. e. > 0(10 ) ) since as  the  irelocity becomes low enough it w i l l  give 
dispersion coeff ic ients  l e s s  than the molecular d i f fus iv i ty  i n  a porous 
medium. However, t h i s  should not influence the r e su l t s  'too much a s  it 
can be shown from equations (2.33), (2.41) and (2.42) tha t  i n  the 
neighborhood of the stagnation point the  superf icial  velocity along the  
streamline, v(s )  i s  given by 
I n  these experiments 
and the maximum value of v2&2/v1&1 used was 0.87. Thus for  
which i s  a very short distance along the dividing streamlinee 
Second, since the density variations i n  the experiments a r i se  
both from temperature differences and differences i n  s a l t  concentration 
the Schmidt number w i l l  no% be constant f o r  a19 experiments; however, 
the maximum variat ion i s  suff icient ly small (lo$) tha t  it should not 
have an af fec t  any larger  than the normal experimental. scat ter .  
It i s  also t o  be remembered tha t  i n  writing equation (5.1) f o r  
the mixing along the streamline terms of order 1 / ~  , where R i s  the 
radius of curvature of the interface, have been neglected. 
The procedure w i l l  now be t o  take Harleman and Rmervs  (5.2) 
r e su l t  and apply the mixing theory developed i n  Chapter 2 and use experi- 
mentlzl r e su l t s  obtained t o  f ind a value of r . 
When (5.2) is incorporated into (5.1) and lengths nondimension- 
alized by the depth of the tank a , and velocities by the mean up- 
stream flow velocity U then 
where 
It has already been shown in Chapter 2 that the solution to (5.3) is 
so that it is possible to write 
where 
and erf-I = inverse error function. 
Following' Harleman and Rumer (16) w is chosen as 0.7 and r 
will be determined experimentaLly. 
In the experiments it is possible to measure the conductivity 
prof i le  and hence the concentration prof i le  by means of the probes and 
equipment described i n  the previous chapter. However, it w i l l  be 
noticed tha t  the probes actuall$ measure the prof i le  normal t o  t he  top  
and bottom of the sand bed and not normal t o  the  interface. Thus where 
the incl inat ion of the interface t o  the horizontal i s  small a t  Probes 
11, 111, V, the error  should be s l ight  and it w i l l  be possible t o  write 
where yo i s  the elevation of the interface. A t  Probe I the er ror  can 
eas i ly  be corrected fo r  by taking 
where 8 i s  the incl inat ion of the interface t o  the horizontal; how- 
ever, the maximum computed angle a t  Probe I i s  11' ( ~ u n  ~ 3 )  and the 
correction i s  within the experimental errors  and thus ignored. Thus 
from the experimental observations it w i l l  be possible t o  p lo t  curves 
of .  y against e r f - I  (1 - 2 ~ )  and these should be s traight  l ines  ac- 
cording t o  equation (5.6). Furthermore the  slope of these l ines,  S , 
i s  given by 
Hence an experimental- determination of 2 F(s)/B' i s  possible. 
However, 
~ ( s )  depends only on the shape of the interface and 
i n  Chapter 2 the shape of the interface was found t o  within the order of  
the density difference, so it becomes possible t o  compute. ~ ( s )  from 
equation (5.7). 
From Chapter 2 equation (2.33) we have 
v2Q2 
V(S) = - nh sin (ny) coth 
vlQl 2sinny 
- sin (ny coth %)I + ( C S  ny - cos (ny coth 2 
where v, s, y7 x, and h have been non-dimensionalized as previously 
noted. (1t will be recalled that the viscosity and density difference 
between the two fluids implies that there is a velocity discontinuity of 
order 
This must contribute to the lateral dispersion directly by forming k 
mixing layer and it also gives rise to the complication that DT varies 
across the mixing zone, However, since this effect is of' the order of 
the viscosity difference it should be small. compared to the mixing pro- 
duced by the mean convective velocity U . That is aIlT/an will be 
2 
small compared with a C!/an2 and can be ignored.) 
And 
where 
nh nh 
s i n  (ny) coth - s i n  (ny coth T )  
and 
The interface shape i s  given by 
The method of computing ~ ( s . )  i s  as follows: 
Compute ym, (=  G0(m)) the maximum elevation of the interface 
(5.14) 
and compute the  corresponding x f r  3 ormula (5.13). The 
(xj, .  y j  ) define the in t e r f ac ia l  shape. 
Compute ( d ~ / d y ) ~  from (5.11) and t h i s  defines the inverse 
slope of the  interface,  
Compute v from (5.9). 3 
Compute from (5.10) by using a Simpsont s R u l e  numerical 
integrat ion process with a s tep  length y /800.0. 
max 
The function v(s )  i s  then defined i n  terms of the  d iscre te  
variables v; and s, and thus it i s  possible t o  compute ~ ( s )  using 
J J 
(5.7) and integrating numerically. Two problems 
the  y were taken i n  equal increments the  s 5 j 
occur, however, since 
have unequal s tep 
lengths and 
This problem i s  overcome by using a 5 point Lagrange interpolat ion 
formula t o  f ind v j.3 at 'j+$ j j+l midwaybetween s and s and 
then using Simpson's Rule on the three ordinates v , vj+,  vj+l with j 
a s tep length & ( s ~ + ~  - s j )  . The accuracy of t h i s  process should be 
good since the s tep lengths are  very small where I./vjom3 is  rapidly 
changing and ge t  la rger  as l /v joe3  tends t o  i t s  asymptotic l i m i t  of 
The other problem i s  t h a t  when 
which implies t h a t  the  numerical integrat ion process cannot be used 
when j = 1 . To circumvent t h i s  d i f f i c u l t y  it i s  possible t o  expand v 
i n  powers of y i n  equation (5.9) and s i n  powers of y i n  (5.10). 
It i s  found t h a t  f o r  s m a l l  y 
Using the methods described above a high speed d i g i t a l  computerwas 
programmed t o  compute the resul t s  and p r in t  them i n  the following 
format 
X Y s 44 F( s 
e m a e e 0 .  
The tabulated resul t s  could then be used t o  determine 
~ ( s )  a t  the 
required probe location, 
The next section gives the resul t s  of the experiments and compu- 
t a t  ions. 
5.3 Expeyimental Results 
The experimental r e su l t s  are given f i r s t  fo r  experiments Cl 
through E5, runs A 1  through ~4 w i l l  be considered i n  the next section. 
The experimentally determined concentrat ion prof i les  across the 
f l u i d  interface are  plot ted on l inear  graph paper as  curves o f *  y (di- 
mensional) versus e r f - I  ( 1  - 2 ~ )  . It was shown i n  the previous section 
tha t  these curves should be s t ra ight  l ines  with slope 
where 
(the a now occurs on t h e  r igh t  hand s ide of (5.15) since dimensional 
y i s  plot ted)  
and 
a = depth of t he  sand bed 
U = dimensional upstream mean veloci ty  
v = kinematic viscosi ty  
s = porosity of the  sand bed 
d = mean diameter of sand pa r t i c l e s  
r = a constant t o  be determined 
These concentration p ro f i l e s  are  plot ted on Figures 5 .1  through 
5.15. The s t ra ight  Pines have been f i t t e d  by eye and the agreement i s  
seen t o  be very good i n  most cases. There are  some exceptions however, 
notably a t  Pmbe I on runs E3, ~4 and E5 ( ~ i g u r e s  5.13, 5 .l4, 5.15)~ 
where the curve becomes very steep a t  the upper par t  of the p ro f i l e  
i .e.  close t o  the  top of the  tank. The reason fo r  t h i s  behavior i s  not 
apparent. It i s  also seen on Figure 5.13 (run ~ 3 )  t h a t  there  i s  qui te  
a d i s t i n c t  break i n  the l i n e  a t  aU. probes. This w i l l  be explained 
l a t e r .  
Equations (5.15) and (5.16) can be combined t o  write 
and r should be the same constant f o r  a11 probes f o r  all experiments. 
The tabulated values of r are  given i n  Table 5.3 below. 
Figure  5. 1 Concentration prof i les  at var ious  stations for  run  C1. 
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Figure 5. 2 Concentration profiles at  various stations for run C2. 
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Figure 5 .4  Concentration profiles a t  various stations for  run C4. 
Figure  5. 5 Concentration profiles a t  var ious  stations for  run C5.  
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Figure 5. 7 Concentration profiles at various stations for run D2. 
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Figure 5 .  11 Concentration profiles a t  various stations for  run E l .  
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5. 12 Concentration prof i les  a t  var ious  stations fo r  run  E2. 
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Figure  5. 13 Concentration prof i les  a t  var ious  stations for  run E3. 
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Figure 5. 14 Concentration profiles a t  various stations for  run E4. 
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Figure  5. 15 Concentration prof i les  a t  var ious  stations for  run E5. 
Prc 
S 
Prc 
S 
0.925 
0. goo 
0.951 
1.000 
0 895 
1.032 
0.890 
1.020 
1.040 
0 . 990 
0.946 
- 
1,040 
0.910 
1.080 
Table 5.2 Experimentally determined slopes S 
T(s) . 
and computed values of 
Run 
u 
in cm/sec 
r 
Run 
U 
in cm/sec 
I 
I1 
r 
I11 
v 
Table 5.3 Values of r computed from Equation (5.17). 

It i s  seen t h a t  the  value of r i s  indeed reasonably constant and 
m e a n v d u e o f  r = 0.0267 
standard deviation = f 0.0035 
The range of pa r t i c l e  Reynolds numbers f o r  which these resu l t s  are val id  
i s  ostensibly from 0(1ou2) t o  2 x 10-1 , as the f lu id  i s  theoret i -  
ca l ly  a t  r e s t  a t  the  stagnation point and reaches i t s  maximum velocity 
downstream. 
This implies t h a t  Harleman and Rumer's r e su l t  i .e.  
i s  reasonably val id .  The r e su l t  (5.18) i s  plot ted on Figure 5.16 along 
with the experimental r e su l t s  from Harleman and Rumer's constant veloci- 
ty,  constant density experiments. The agreement i s  seen t o  be exception- 
ally good; the  points marked by small t r iangles  w i l l  be explained l a t e r .  
I n  a l l  these experiments s table  half-bodies were observed, and 
no sign of any i n s t a b i l i t y  was present. The Rayleigh numbers fo r  runs 
C1 through E5 are given i n  Table 5.4 and they are  seen t o  be qui te  low; 
since the  values of , the r a t i o  of the longitudinal dispersion coef- 
f i c i e n t  t o  the  l a t e r a l  dispersion coefficient,  are quite high also, it 
i s  not surprising the i n s t a b i l i t y  growth r a t e s  were low. 
However, it i s  t o  be noted t h a t  the run E3 which has the highest 
Rayleigh number and lowest value of x and therefore the highest growth 
r a t e  i s  a lso the  run previously mentioned as  having a d i s t inc t  break i n  
the  concentration p ro f i l e  (see Figure 5.13) . 
Some shapes of the  half-bodies formed are  shown i n  the photcgraphs 
Run 
lurnb er  
-
@1 
C2 
c3 
c4 
c5 
Dl 
D2 
D 3  
D 4  
D5 
El 
E2 
E3 
~4 
E5 
4 2 I f l O  (cm /sec) 
Rayleigh 
Number 
Table 5.4 Rayleigh numbers a t  Probe V for  experiments C 1  through E5. 
left to r ight .  ) 
F i g u r e  5 .17b  The half body shape for  run E5 
(Ap = 0 .  01,  Q ~ / Q ~  = 0.584).  
Figure  5 .18  The theoret ical  half body superimposed on an 
experimental  photograph of run E5. 
shape f o r  run D5 
Q,/Q, = 0 . 3 5 5 ) .  
i n  Figure 5-17 - 5.19. The contrast  i n  t he  photographs i s  not high 
since low dye concentrations were used t o  avoid complications with the 
conductivity probes. The approximate t heo re t i ca l  shape of the  f ron t  of 
t he  half-body i s  superimposed on a photograph i n  Figure 5.18 and the  
agreement i s  seen t o  be qu i te  good. 
I n  Figure 5.19a i s  a photograph of the  half-body f o r  run D 5  
( ~ i g u r e  5.19b) taken 15 hours a f t e r  stopping the  flow. The s ta t ionary 
two f l u i d  system i s  seen t o  be qui te  unstable. 
5.4 Alternative Computation 
Under the assumptions t h a t  have been made i n  writ ing equation 
(5.1) f o r  the  mixing along a curved streamline it was possible t o  de- 
scr ibe the  mixing by an equation of t he  form 
Y - yo = f ( s )  * e r F X  (1 - 2 ~ )  
where f ( s )  i s  purely a function of the  shape of t h e  streamline, the  
veloci ty  along it and the  dispersion coeff ic ient .  
Now between probes I11 and V t he  veloci ty  along the  in te r face  i s  
nearly constant since the  in te r face  i s  almost hor izontal  (see Figures 
5 . 1  - 5 1 9 )  Thus it i s  possible t o  assume DT i s  constant between 
111 and V, i n  which case f ( s )  can eas i ly  be deduced t o  be 
where 
so 
i s  some f i c t i t i o u s  or ig in ,  
Hence it i s  possible t o  write 
and from section 5.1 
where S i s  the slope of the experimentally determined y versus 
e r f - I  (1 - 2 ~ )  curve. Now Since ~ ~ / q  i s  constant and the interface 
i s  almost horizontal 
and f o r  these experiments 
It now becomes possible t o  determine ~ ~ / q  for  the experimental runs 
Al through ~4 f o r  which the r a t i o  of flow of pure water t o  s a l t  water i s  
not available. 
-1 The experimental curves of y versus erf  (1 - 2 C )  are 
plot ted i n  Figures 5.20 through 5.26 and the resul t s  tabulated i n  Table 
5.5 along with similar r e su l t s  for  experiments C 1  through E5. 
The re su l t s  are plot ted on Figure 5.16 as the small t r iangles ,  
the small c i rc l e s  are Harleman and Rumer's (16) constant density experi- 
ment s . 
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Figure  5. 20 Concentration profiles a t  var ious stations for  run A l .  
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Figure  5. 21 Concentration profiles a t  various stations for  run A2. 
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Figure  5. 22 Concentration prof i les  a t  var ious  stations for  run A3.  
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Figure  5. 23 Concentration prof i les  a t  var ious  stations for  run B1. 
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Figure 5. 24 Concentration profiles at various stations for  run B2. 
- 
PROBE 3 
10- 
E 
.C 8 
% 
10 
PROBE 5 
9 
6 8 
0 
C 
. - 
a 
7 
6 
5 
- 1.8 -1.2 -0.6 0 + 0.6 +I. 2 
erf"(l- 2 C )  
l l ~ l l ~ l l ~ l l ~ l ~ ~ ~ ~  
0 
PROBE 2 
0 O 
0 O 
9- 0 O 
o" 00 O 
- CPo 
0 
7 -  
8 
0 oo O 
oo 
6 -  
0 8 
I I I I I I I I I I I I I L  
Figure 5. 25 Concentration profiles a t  various stations for  run B3. 
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Figure 5. 26 Concentration profiles a t  various stations for  run B4. 
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Figure 5 . 2 7  The actual shapes of a concentration profile for run 
C4 at  probes 11, I11 and V. 
Run 
Al 
A2 
A3 
B 1  
B2 
B3 
~4 
C 1  
C 2  
c3 
c4 
c5 
D l  
D 2  
D3 
~4 
D5 
E l  
E2 
E3 
~4 
E5 
- 
Slope 
0.879,~ 
- 
1 130 
1. 022 
1.160 
0 
1.145 
0 925 
0. goo 
0 951 
1 000 
0 995 
1.032 
0.890 
1.020 
1 . 040 
0 990 
0.946 
- 
1.040 
0.91 
1.08 
Table 5.5 Values of! the dispersion coefficient and: par t ic le  Reynolds 
number. 
Some experiments are omitted, namely A2, B3 and E2 as it was 
impossible t o  draw a single s t ra ight  l i n e  through the plotted points. 
This could be a r e su l t  of amplifier f a i lu re  i n  the recorder or  a discon- 
t i n u i t y  i n  the f l u i d  flow rates .  
The accuracy of t h i s  method i s  not good since the error  i n  
i s  twice the sum of the  errors  made i n  measuring the slopes of 
the two s t ra ight  l ines  and t h i s  can be large. Consequently, there i s  a 
spread of resul t s  on Figure 5.16 but i n  general the agreement i s  f a i r .  
5.5 Interface Ins tab i l i ty  
An experiment was undertaken t o  determine i f  an ins t ab i l i ty  with 
a rapid growth ra t e  could be generated i n  the experimental apparatus. 
The approximate l inea r  theory of Chapter 4 predicted tha t  the growth 
ra tes  of i n s t a b i l i t i e s  would be bounded; however, it seems possible 
tha t  i f  the Rayleigh number were large and the r a t i o  of longitudinal t o  
l a t e r a l  dispersion coefficients small enough ( x ,  smaJ-1) then a v is ib le  
i n s t a b i l i t y  could be developed. 
1% has already been shown tha t  the Rayleigh nmber can be in- 
creased and K decreased by reducing the flow velocity; thus an experi- 
ment a t  a low flow velocity was attempted. 
The d i f f i cu l ty  with such an experiment i s  tha t  it i s  not possi- 
b l e  t o  develop a half-body and then slow the flow down t o  f ind an insta-  
b i l i t y  because the. Rayleigh number 
depends on the veloci ty  and the time f o r  which the flow has been moving 
a t  t h a t  veloci ty  since 
and DT depends on the velocity.  Consequently the  number k which i s  
the  charac te r i s t ic  length changes with the veloci ty .  I n  other words 
the dispersion region occurring a t  any given point i s  smaller than t h a t  
which would have occurred had the f l u i d  been a t  the  Power veloci ty  a l l  
the  time; t he  Rayleigh number a t  any point i s  therefore  l a rge r  than 
tha t  which occurred a t  t he  higher velocity,  since DT decreases with 
velocity.  Consequently, t he  new flow w i l l  be more unstable immediately 
a f t e r  the  flow i s  slowed. I n  Figures 5.28 and 5.29 the  flow has been 
slowed t o  an average downstream super f ic ia l  veloci ty  of U = 0.0019 
m 
crn/sec and an i n s t a b i l i t y  can be seen i n  Figure 5.28a. The subsequent 
photographs Figures 5.28b, 5.29a, 5.2910 show the region of i n s t a b i l i t y  
being swept away from the upstream side and being replaced by a s tab le  
flow since the amplification decreases a s  A gradually increases (see 
page 143) . 
It i s  a lso obviously impossible t o  have one f l u i d  upon the  
other and then s t a r t  t he  flow, consequently it i s  necessary t o  s e t  the 
main flow and introduce a sa l ine  flow through the  s l i t  
progress downstream. This introduces a "front" t o  the  
d i s t o r t s  the  overa l l  flow pat tern.  It i s  d i f f i c u l t  t o  
where the  i l l s t ab i l i t y  occurs, see Figures 5.30 a - f .  
and watch it 
flow which again 
observe jus t  
A 3% s a l t  solut ion was made up which gave a densi ty  dif ference 
of 2.1% and injected in to  a uniform flow through the  sand bed. The 
a A n  interface s imately 15 minu tes  a f t e r  
s lowing the flaw t m / s e c  ( A  = 0 .  0 2 ) .  
i n t e r f a c e  6 minu tes  l a t e r .  
Figure  5.29a The in te r face  shown in  F igu re  5. 28b taken 5 minutes 
la te r .  
b The s a m e  interface a s  above 5 minutes l a t e r .  
Figure 5 .30b 
Figure  5. ?Of 
following paxameters were recorded 
Thus 
gm/cm. sec 
Um6 O ' 5  
u = 51.5 (,) (~arleman and Rumer (16) ) 
It i s  of in t e res t  t o  compute the amplification predicted by the 
l inea r  theory f o r  the  time taken t o  t r ave l  21 o r  about 2.4 cm. From 
Chapter 3 with 
Thus the anrplificati n 
mo ((arci) 0 -  
= e  
max R 
where 
T - 
giving 
d =  
This  imp 
- = 
T T 
3 2*4  0 . 6 ~ 1 0  seconds 
l i e s  tha t  the wave almost t reb les  i n  amp itude i n  moving 
about 2.5 cm which i s  quite a high amplification, and the unstable 
waves would soon become visible ,  which i n  f ac t  they did (see Figure 
5.30f). The f a s t e s t  growing wave a t  t h i s  point has a wavelength given 
by 
and t h i s  looks reasonebk from the photogra2hs i n  Figure 5.30f. 
This i s  i n  camparison wiYn the  runs C 1  through E5 where the 
Rayleigh nnubers and vslues of w are given i n  Table 5.4. Consider run 
E2 fo r  example 
The time taken to travel 2R is 
T = 80 seconds 
hence the amplification 
Since the Rayleigh number is less the 200 and n = 12 the maximum 
growth rate will be much less than 0.3 (see Figure 3.10);consequently 
the amplification will be close to 1 , in sharp contrast t o  the previ- 
ous example, 
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6.0 Recapitulation 
A study has been undertaken t o  investigate a two-fluid flow i n  
a homogeneous isotropic  saturated porous medium. I n  Chapter 2 an 
approximate theory was presented fo r  the shape of the  interface of two 
f lu ids  of s l i gh t ly  d i f fe ren t  density i n  p a r a l l e l  motion i n  a confined 
porous mediumo It was shown tha t  the  solution where the dens i t ies  of 
the  two f lu ids  were equal could be taken as the  zeroth order term i n  a 
regular perturbation expansion of the interface shape and the  veloci ty  
potent ia ls .  The mixing sf the  ~ W G  f lu ids  along %he interface was in- 
vestigated and an approximate solution obtained fo r  the  dispersion 
equation along the  interface.  
I n  Chapter 3 the  s t a b i l i t y  s f  a horizontal  interface was in- 
vestigated and the r e su l t  obtained t h a t  the interface i s  always unstable 
and t h a t  the growth r a t e s  sf uistabPe waves were bounded, leading t o  a 
quasi-stable flow* 
Chapter 4 outlined the  experimental apparatus and methods used 
t o  study the i n t e r f a c i a l  mixing experimentally; and the  experimental 
r e su l t s  were presented i n  Chapter 5 ,  
In t h i s  concluding chapter the r e su l t s  of the  analysis and 
eqeriments  w i l l  be discussed and a summary of conclusions given. 
6.1 S t a b i l i t y  Analysis 
The s t a b i l i t y  analysis depends on the  f a c t  t h a t  it i s  possible 
t o  write down equations of motion which govern the  motions of the  f l u i d  
pa r t i c l e s  averaged over several  pore spaces, ra ther  than the motions 
within the  pores. Using these "average" equations it i s  possible t o  
consider the  s t a b i l i t y  of perturbations t o  the  density p ro f i l e  produced 
by the l a t e r a l  dispersion along t he  interface.  If these perturbations 
t o  the  density p ro f i l e  and veloci ty  f i e l d  are  t o  have any meaning they 
must of course be of t he  scale s f  several  pore s izes  themselves and the 
l inear ized  theory offered i s  therefore  fo r  perturbations which are  not 
inf ini tes imal  i n  the  usual sense* Numerous in te res t ing  points come out 
of the  analysis and these are enumerated belowo 
( i ) .  The ro l e  of longitudinal dispersion i s  rather  surprising i n  
t h a t  although it plays a major ro l e  i n  the  s t a b i l i t y  of the system it 
does not influence the  basic density p ro f i l e .  This a r i s e s  from the  
f a c t  t h a t  t o  a zeroth order the  concentration gradients i n  the longi- 
tud ina l  d i rec t ion  a re  small campared t o  the  l a t e r a l  gradients,  However, 
t o  the  perturbation order the csncerhration gradients are  of equal 
order 
( i i )  . The analogy with viscous f lu ids  pointed out by Wooding (3) 
again becomes evident when the s t a b i l i t y  equation i s  found t o  be very 
s imilar  t o  the  Orr-Sommerfeld equation of viscous f lu idso  !The major 
s implif icat ion of t h i s  problem over the  viscous flow problem i s  t h a t  
t he  ve loc i ty  f i e l d  i s  uniform and as  a r e s u l t  it i s  possible t o  prove 
t h a t  a rb i t r a ry  disturbances must have a phase veloci ty  equal t o  the  
fluid velocity;  t h i s  reduces the equation t o  a purely real equation 
w i t h  real boundary conditions. 
( i i i ) .  The f a c t  t h a t  some unstable waves always ex i s t  i s  not sur- 
pr is ing as  the  same re su l t  appears i n  the viscous shear layer  problem 
(see Tatsumi and Gotoh (27)). 
( i v ) .  Local growth r a t e s  of i n s t a b i l i t i e s  are  bounded according t o  
-
t h i s  l i nea r  theory. This means t h a t  there w i l l  be no sudden growth of 
unstable waves such as  Benjamin (29) found fo r  a t h i n  layer  of viscous 
l i qu id  running down a v e r t i c a l  f l a t  surface, I n  tha t  case it has been 
shown by Benjamin t h a t  although unstable waves always ex i s t  t h e i r  
growth r a t e s  do not become unbounded u n t i l  a Reynolds number of about 
4, whereupon there  i s  a rapid growth of the most unstable wave. 
No such behavior occurs here according t o  the  l o c a l  l i n e a r  
theory presented. Consequently there  should be a gradual t r ans i t i on  
involving slow wave growth giving i n  e f f ec t  a quasi-stable flow, How- 
ever, the  problem i s  somewhat cmplicated by the growth of t he  d i s -  
persion zone, as discussed below. 
(v) . The study presented i n  t h i s  work considers only l o c a l  s t a b i l i t y  
-
by assuming t h a t  the  width of the  dispersion zone does not increase 
rapidly with posi t ion X . The Rayleigh number 
assumed constant localPy, ac tua l ly  increases with X f o r  
Consequently t he  analysis given here can only be regarded as va l id  f o r  
waves whose length i s  such t h a t  they do not extend over a length within 
which the Rayleigh number changes s ign i f ican t ly .  This i s  equivalent t o  
saying t h a t  the  waves do not extend over a length f o r  which the d i s -  
persion zone widens s ign i f ican t ly  . Obviously, the  admissable wave- 
lengths under t h i s  c r i t e r i o n  a re  going t.o depend on the locat ion since 
the Rayleigh number changes l e s s  rapidly as X increases. 
From above it i s  ea s i ly  shown t h a t  the  changes i n  Rayleigh 
nmber with X i s  given by 
Now suppose t h a t  a 2$$~ change i n  the  Rayleigh number over one wave- 
length would be a to le rab le  approximation, then the  aPlowable wave- 
length L i n  terms of n-multiples of A would be. (AX = nk) 
A lower bound on t h e  va l id  wave numbers can then be given i n  terms s f  
X f o r  
Thus the  r e s u l t s  w i l l  tend t o  become inva l id  f o r  wave numbers.less 
than 
The problem of computing the  r a t e  of growth of any par t icu la r  
wave as it i s  swept downstream i s  not simple and w i l l  be the  subject  
of a l a t e r  study. 
(v i ) .  As the longitudinal veloci ty  U increases the  growth r a t e s  of 
unstable waves decreases. This i s  an expected resu l t ,  fo r  increasing 
the  veloci ty  increases the  r a t e  of both the longitudinal and l a t e r &  
dispersion which w i l l  tend t o  overcome any excursions made by the 
l i g h t e r  f l u i d  i n to  t he  heavier o r  vice versa,  
( v i i ) .  The exact solut ion f o r  the  l inear ized density p ro f i l e  and the  
var ia t iona l  method of Chandrasekhar f o r  the  e r ro r  function density pro- 
f i l e  give qui te  compatible r e s u l t s  f o r  t he  neut ra l  s t a b i l i t y  curves, 
Figure 3.2. While both methods are  not exact they without doubt give 
a l l  the  e s sen t i a l  charac te r i s t ics  of the solution.  
( v i i i ) .  The Rayleigh number 
can be interpreted a s  the  r a t i o  of two ve loc i t ies :  
which i s  the  v e r t i c a l  veloci ty  with which a column of f l u i d  of density 
P2 would descend in to  a porous medium saturated with a f l u i d  of densi- 
which can be regarded as the  "velocity of  dispersion". For when DT 
i s  constant it can eas i ly  be shown t h a t  
where 
and since 
then 
which i s  equivalent t o  the  r a t e  of increase of the standard deviation 
of the density p ro f i l e  o r  a "dispersion velocity". 
A high Rayleigh number implies t ha t  t he  veloci ty  of descent of 
the  dense f l u i d  i s  l a rge r  than the  "dispersion velocity" and hence in- 
s t a b i l i t y  growth r a t e s  should be high, conversely a low Rayleigh number 
implies t h a t  the  dispersion veloci ty  i s  high and the  flow w i l l  be more 
s table .  
( i x )  . The i n s t a b i l i t y  theory presented has been only fo r  two- 
dimensional disturbances. Since it has been shown t h a t  there  always 
ex i s t  tm-dimensional disturbances which are  unstable an analogy with 
Squire 's  theorem (squire, ( 3 0 ) )  need not be sought. It can eas i ly  be 
shown (see Appendix A )  t h a t  the neutral  s t a b i l i t y  curves fo r  three- 
dimensional disturbances have exactly the  same f o m  as fo r  two- 
dimensional disturbances. A rigorous study of the  r e l a t ive  maximum 
growth r a t e s  of unstable two-dimensional and three-dimensional d i s -  
turbances a t  a given Rayleigh number such as Watson (31) has done fo r  
p a r a l l e l  viscous flows has not been attempted, and t h i s  m a y  be of 
i n t e re s t  for  fur ther  study. 
6.2 Dispersion and In t e r f ac i a l  Mixing 
A basic approximation i n  the  study of the  mixing along the  
curved interface i s  t h a t  t he  shape of the  density interface,  a f r ee  
surface, can be described by the solut ion sf the  equal, density problem 
with both layers  t ravel ing a t  the  same speed, Although it i s  not a t  
all evident a p r i o r i  t h a t  the  behavior of the  solut ion f o r  unequal 
dens i t ies  w i l l  be similar t o  t h a t  f o r  equal dens i t ies  it has been 
demonstrated' i n  Chapter 2 t h a t  it i s  possible t o  simplify the  problem 
i n  t h i s  way.  I f  t h i s  s implif icat ion were not possible it would be 
necessary t o  solve the extremely d i f f i c u l t  exact problemo 
It i s  in te res t ing  t o  consider what would happen i f  instead of 
a two-dimensional s l i t  being used t o  introduce the sal ine flow a point 
source had been used. It i s  f e l t  t h a t  i n  t h i s  case the quasi-stable 
flow would not develop since it would be possible for  the  main flow t o  
t r a v e l  around the source and thus form a convective plume of sinking 
f l u i d ,  
The r e s u l t s  of the  mixing theory depend on the  assumption tha t .  
the  l a t e r a l  dispersion coeff ic ient  DT depends on the  veloci ty  i n  the  
.I. 
f ollowing way "' 
where r and o are  constants 
d i s  t he  mean p a r t i c l e  s ize  
v i s  t he  super f ic ia l  veloci ty  
v f s t he  kinematic vi 'scosity 
s i s  t he  porosity 
This semi-empirical r e s u l t  i s  confirmed i n  the  present s e t  of experi- 
ments, and the value of r (0.0267) obtained when o = 0.7 compares 
very favorably with the  value 0.0265 obtained by Harleman and Rumer (16) 
f o r  constant-velocity constant-density experiments over a s imilar  range 
o f  p a r t i c l e  Reynolds numbers. This empirical 7/10 power law should be 
regarded i n  much the same way a s  the  117 power law for  turbulent flow 
i n  pipes. While there  i s  a sound simili tude reasoning"for choosing the  
.I. 
'See footnote added in  proof page 156. 
groups of variables as  above there  i s  no apparent reason fo r  the  7/10 
index apart  from the  f a c t  t h a t  it f i t s  the experimental resu l t s .  
These experiments were carr ied out with the  heavier f l u i d  on 
top. I f  the  density difference of the  two f lu ids  were t o  e f fec t  the  
dispersion phenomenon a t  d l  it seems logical t h a t  the  influence would 
be greatest  under these conditions. However, the experimental r e s u l t s  
seem t o  indicate t h a t  f o r  t he  density differences used (up t o  1%) there  
i s  no observable influence on the dispersion. It seems l i k e l y  t h a t  i f  
there  i s  no influence with the  denser f l u i d  on top, then there  would be 
no influence with the  denser f l u i d  below. 
An extensive study of l a t e r a l  dispersion, such as  Pfannkuch (10) 
has carr ied out fo r  longitudinal dispersion, should be undertaken fo r  a 
wide range of Schmidt and Reynolds numbers. The r e su l t s  of such a study 
would be an extremely valuable contribution t o  the  knowledge of l a t e r a l  
dispersion. 
6.3 Conclusions 
- -- - -- 
The pr incipal  conclusions of t h i s  investigation are  enumerated 
below. 
1. I n s t a b i l i t y  of Flow 
( i )  It has been theore t ica l ly  proven t h a t  horizontal  two- 
dimensional flows i n  a saturated porous medium with a 
denser f l u i d  on top a re  always unstableo 
(ii) The wavelengths of the  c lass  of unstable waves are 
bounded below by the  wavelength of t he  neut ra l ly  s tab le  
wave. 
( i i i )  The growth r a t e s  of two-dimensional unstable waves a r e  
low and bounded above, and the  breakup of a s table  flow 
i s  never sudden. 
( i v )  An increase i n  the  veloci ty  of such a flow system de- 
'creases the  growth r a t e  of unstable disturbances. 
(v) The two parameters controll ing the  growth r a t e  of in-  
s t a b i l i t i e s  are  the  Rayleigh number 
where 
and the  ra'cio of longi tudinal  and l a t e r a l  dispersion 
coef f ic ien ts  
D~ K t -  
% 
The flow i s  s tab i l ized  by decreasing the  Rayleigh number 
o r  increasing x . 
( v i )  Experimental observations show t h a t  it i s  possible f o r  
such a quasi-stable flow t o  ex i s t .  
2. Mixing Layers 
( i )  The l a t e r a l  dispersion coeff ic ient  of sodium chloride 
solutions i n  hor izontal  motion above pure water does not 
appear t o  be influenced by t h e  densi-by difference of the  
solutions fo r  density differences up t o  1%. It i s  the 
opinion of t h i s  invest igator  t ha t  there  w i l l  be no 
influence when the heavier f l u id  i s  below. 
( i i )  The sole  influence of the  density difference i s  i n  de- 
termining the  spectrum of admissable unstable waves a t  
the  density interface and governing t h e i r  growth r a t e .  
( i i i )  It has been proved possible t o  represent the  mixing along 
an in te r face  developed by a two-dimensional half  body as  
i f  the  flow had always been i n  r e c t i l i n e a r  motion and 
mixing had begun a t  some v i r t u a l  point .  
.I. 
'See page 153. 
More recent work has disclosed that this resul t  i s  t rue  only 
for  constant Schmidt number v /  D, (Dm molecular diffusivit y ) and 
in fact when the flow i s  completely laminar  the dispersion i s  quite 
independent of the viscosity and hence the Reynolds number.  
The three-dimensional equations of motion of perturbation order 
are 
If arbitrary sinusoidal disturbances of the form 
in the x and z 
directions respectively) are substituted into the equations above and 
u(y),w(y),8(y), and p(y) eliminated the following equation for v(y) 
results 
CD* - p 2 
= h*(a 2 
and as  before fo r  neutral ly  s table  disturbances 2- c = 0 . The 
equation fo r  neutral  s t a b i l i t y  i s  
[ D ~  - (p2 + xa2)][n2 - (a2 + p2)] V(Y) 
= AT (a2 + p2) W(y) v(y) 
When n = 1 then it i s  obvious t h a t  neutral ly  s table  three-dimensional 
2 disturbances with an equivalent wave number y2 = + f32 have the  
same Rayleigh number as  neutral ly  s tab le  two-dimensional disturbances, 
i . e . ,  when f3 = 0 , since the equation has the  same form fo r  both. 
However, when n = 1 -the equivalent three-dimensional disturbance w i l l  
have a somewhat d i f fe ren t  Rayleigh number. a t  neutral  s t a b i l i t y  since 
the  n term multiplies only the  a2 term i n  the  f irst  bracket above. 
It i s  d i f f i c u l t  t o  surmise from the  equation what the  respective growth 
r a t e s  of equivalent two and three-dimensional disturbances w i l l  be and 
it has not been rigorously investigated.  An invest igat ion of the  re-  
spective growth r a t e s  may be a worthwhile study l a t e r .  
Case I : 
The determinant on page 5 2  can be s impl i f ied  by carrying out 
t h e  following sequence of operations.  
( 0  
(ii) 
( i i i )  
( i v )  
(vi 
( v i i )  
Mult iply RP by a and add t o  R3, divide Rl by a . 
2 3 Multiply R 1  by a and sub t rac t  from R5, divide by a-. 
3 Multiply R 1  by a3 and add t o  R7, d iv ide  R1 by QI . 
Carry out a s imi la r  operation with respect  t o  R2  and 
~ 4 ,  ~ 6 ,  ~ 8 e  
Th.e determinant now has a l l  zeros i n  CE except f o r  t he  first, 
term and all zeros i n  C3 except f o r  t h e  second term and i s  
consequently reduced t o  a 6 x 6 determinant. 
Mult iply R l  by a + f3 and add t o  R3,  divide R l  by a + P a 
2 Multiply R1 %y a +a@ + 82 and add t o  R5, divide R1 by 
2 2 
a + a p + 9  
Carry out  a similar operation with respect  t o  R 2  and ~4 and i%. 
The determinant then has a f a c to r  a - f3 i n  C 1  and @ - Ct 
i n  C 2  and when these  a r e  fac tored out  becomes a 4 x 4 
determinant. 
M~Lt ip iy  R 1  by r - (a + P )  and sub t rac t  R 3  from R 1 .  
I 
Multiply R2 by r + a + f3 and subtract  R 4  from it. 
Interchange rows m d  c o l m s .  
Add C1 to C3 and C2 to ~ 4 .  
(xiv) 
(4 
(xvi ) 
Divide C3 by y - (01 + f3) and ~4 by y + a + f3 . 
Multiply C3 by y - 6 and ~4 by y - 6 and divide Rl 
and R2 by (y - 6)  . 
The determinant now has enough zeros t o  make expanding by co- 
factors  very simple. 
Case I1 : A = a ' x  1 - mi 
The determinant on page 53 i s  simplified i n  the following 
manner . 
0- Repeat the same operations as i n  Case I down t o  ( i x ) .  
( i i )  Add Rl t o  R2 and subtract ~4 from R3. 
( i i i )  Multiply R1 and R 4  by 2. 
( i v )  Subtract R2 from R l  and add R3 t o  ~ 4 .  
(v) Multiply out by 
2m"x Case I11 : h > 
- aci 
The determinant 
manne r . 
Divide C5 and 
Divide ~6 and 
Add C 1  t o  C5 
Add >C3 t o  C7 
on page 55 i s  simplified i n  the  following 
C7 by cosy . 
~8 by cosh6 . 
and C2 t o  ~ 6 .  
and ~4 t o  C8. 
Repeat instruct ions ( i )  through ( ix )  as foY Case I t o  reduce 
t o  a 4 x 4 determinant. 
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(vi) Add R1 to R2 and ~4 to R3. 
(vii) Multiply R1 by 2 and add R2 to R1. 
(viii) Multiply ~4 by 2 and add R3 to R4. 
(ix) Multiply through by cosy and cosh6. 
(x) Expand by cofactors to give equations (3.53) and (3.54). 
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